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PEEFACE. 

In preparing this second edition for press I have altered as 
slightly as possible those portions of the work which were 
written entirely by Prof. Kelland. The mode of presentation 
which he employed must always be of great interest, if only 
from the fact that he was an exceptionally able teacher ; but 
the success of the work, as an introduction to a method which 
is now rapidly advancing in general estimation, would of itself 
have been a suflScient motive for my refraining from any 
serious alteration. 

A third reason, had such been necessary, would have pre- 
sented itself in the fact that I have never considered with the 
necessary care those metaphysical questions connected with 
the growth and development of mathematical ideas, to which 
my late venerated teacher paid such particular attention. 

My own part of the book (including mainly Chap. X. and 
worked out Examples 10 — 24 in Chap. IX.) was written 
hurriedly, and while I was deeply engaged with work of a very 
different kind ; so that I had no hesitation in determining to 
re-cast it where I fancied I could improve it. 

P. G. TAIT. 

Uniyebsity of Edinbuboh, 
November, 1881. 



PREFACE TO THE FIRST EDITION. 



The present Treatise is, as the title-page indicates, the joint 
production of Prof. Tait and myself. The preface I write 
in the first person, as this enables me to ofiTer some personal 
explanations. 

For many years past I have been accustomed, no doubt 
very imperfectly, to introduce to my class the subject of 
Quaternions as part of elementary Algebra, more with the 
view of establishing principles than of applying processes. 
Experience has taught me that to induce a student to think 
for himself there is nothing so eflFectual as to lay before him 
the different stages of the development of a science in some- 
thing like the historical order. And justice alike to the 
student and the subject forbade that I should stop short at 
that point where, more simply and more effectually than at 
any other, the intimate connexion between principles and pro- 
cesses is made manifest. Moreover, in lecturing on the ground- 
work on which the mathematical sciences are based, I could 
not but bring before my class the names of great men who 
spoke in other tongues and belonged to other nationalities 
than their own — Diophantus, Des Cartes, Lagrange, for in- 
stance — and it was not just to omit the name of one as 
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great as any of them, Sir William Rowan Hamilton, who 
spoke their own tongue and claimed their own nationality. 
It is true the name of Hamilton has not had the impress 
of time to stamp it with the seal of immortality. And it 
must be admitted that a cautious policy which forbids to 
wander from the beaten paths, and encourages converse 
with the past rather than interference with the present, is 
the true policy of a teacher. But in the case before us, 
quite irrespective of the nationality of the inventor, there 
is ample ground for introducing this subject of Quaternions 
into an elementary course of mathematics. It belongs to 
jBrst principles and is their crowning and completion. It 
brings those principles face to face with operations, and thus 
not only satisfies the student of the mutual dependence of 
the two, but tends to carry him back to a clear apprehension 
of what he had probably failed to appreciate in the sub- 
ordinate sciences. 

Besides, there is no branch of mathematics in which 
results of such wide variety are deduced by one uniform 
process; there is no territory like this to be attacked 
and subjugated by a single weapon. And what is of the 
utmost importance in an educational point of view, the 
reader of this subject does not require to encumber his 
memory with a host of conclusions already arrived at in 
order to advance. Every problem is more or less self- 
contained. This is my apology for the present treatise. 

The work is, as I have said, the joint production 
of Pro£ Tait and myself. The preface I have written 
without consulting my colleague, as I am thus enabled 
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to say what could not otherwise have been said, that 
mathematicians owe a lasting debt of gratitude to Prof. 
Tait for the singleness of purpose and the self-denying 
zeal with which he " has worked out the designs of his 
friend Sir Wm. Hamilton, preferring always the claims of 
the science and of its founder to the assertion of his own 
power and originality in its development. For my own 
part I must confess that my knowledge of Quaternions 
is due exclusively to him. The first work of Sir Wm. 
Hamilton, Lectures on Quaternions, was very dimly and im- 
perfectly understood by me and I dare say by others, until 
Prof. Tait published his papers on the subject in the 
Messenger of Mathematics. Then, and not till then, did 
the science in, all its simplicity develope itself to me. Sub- 
sequently Prof. Tait has published a work of great value 
and originality. An Elementary Treatise on Quaternions. 

The literature of the subject is completed in all but 
what relates to its physical applications, when I mention in 
addition Hamilton's second great work. Elements of Quater- 
nions, a posthumous work so far as publication is concerned, 
but one of which the sheets had been corrected by the 
author, and which bears all the impress of his genius. But 
it is far ffom elementary, whatever its title may seem to 
imply; nor is the work of Prof. Tait altogether free from 
difficulties. Hamilton and Tait write for mathematicians, 
and they do well, but the time has come when it behoves 
some one to write for those who desire to become mathe- 
maticians. Friends and pupils have urged me to undertake 
this duty, and after consultation with Prof, Tait, who from 
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being my pupil in youth is my teacher in riper years, 
I have, in conjunction with him, and drawing unreservedly 
from his writings, endeavoured in the first nine chapters 
of this treatise to illustrate and enforce the principles of 
this beautiful science. The last chapter, which may be 
regarded as an introduction to the application of Quater- 
nions to the region beyond that of pure geometry, is due 
to Prof. Tait alone. Sir W. Hamilton, on nearly the last 
completed page of his last work, indicated Prof. Tait as 
eminently fitted to carry on happily and usefully the appli- 
cations, mathematical and physical, of Quaternions, and as 
likely to become in the science one of the chief successors 
of its inventor. With how great justice, the reader of this 
chapter and of Prof. Tait's other writings on the subject 
will judge. 

PHILIP KELLAND. 

UnTTEBSITT op EDINBUBaH, 

October, 1873. 
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INTRODUCTION TO QUATERNIONS. 



CHAPTER I. 

INTRODUCTORY. 

The science named Quaternions hj its illustrious founder, Sir 
William Bo wan Hamilton, is the last and the most beautiful ex- 
ample of extension by the removal of limitations. 

The Algebraic sciences are based on ordinary arithmetic, start- 
ing at first with all its restrictions, but gradually freeing themselves 
from one and another, until the parent science scarce recognises 
itself in its offspring. A student will best get an idea of the thing 
by considering one case of extension within the science of Arith> 
metic itself. There are two distinct bases of operation in that 
science— addition and multiplication. In the infancy of the science 
the latter was a mere repetition of the former. Multiplication was, 
in fact, an abbreviated form of equal additions. It is in this form 
that it occurs in the earliest writer on arithmetic whose works have 
come down to us — Euclid. Within the limits to which his prin- 
ciples extended, the reasonings and conclusions of Euclid in his 
seventh and following Books are absolutely perfect. The demon- 
stration of the rule for finding the greatest common measure of 
two numbers in Prop. 2, Book VII. is identically the same as that 
which is given in all modem treatises. But Euclid dares not 
venture on fractions. Their properties were probably all but un- 
known to him. Accordingly we look in vain for any demonstration 
pf the properties of fractions in the writings of the Greek arith- 
meticians. For that we must come lower down. On the revival 

T.Q. 1 
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of science in the West, we are presented with categorical treatises 
on arithmetic. The first printed treatise is that of Lucas de Burgo 
in 1494. The author considers a fraction to be a quotient, and 
thus, as he expressly states, the order of operations becomes the 
reverse of that for whole numbers — multiplication precedes addi- 
tion, etc. In our own country we have a tolerably early writer on 
arithmetic, Robert Record, who dedicated his work to King Edward 
the Sixth. The ingenious author exhibits his treatise in the form 
of a dialogue between master and scholar. The scholar battles 
long with this diflSculty^-that multiplying a thing should make it 
less. At first, the master attempts to explain the anomaly by 
reference to proportion, thus : that the product by a fraction bears 
the same proportion to the thing multiplied that the multiplying 
fraction does to unity. The scholar is not satisfied ; and accord- 
ingly the master goes on to say : "If I multiply by more than one, 
the thing is increased ; if I take it but once, it is not changed; and 
if I take it less than once, it cannot be so much as it was before. 
Then, seeing that a fraction is less than one, if I multiply by a 
fraction, it follows that I do take it less than once'*, eta The 
scholar thereupon replies, "Sir, I do thank you much for this 
reas(m > and I trust that I do perceive the thing". 

Need we add that the same difficulty which the scholar in the 
time of King Edward experienced, is experienced by every thinking 
boy of our own times; and the explanation afforded him is precisely 
the same admixture of multiplication^proportion, and division which 
suggested itself to old Robert Record. Every schoolboy feels that 
to multiply by a fi^action is not to multiply at aU in' the sense in 
which multiplication was originally presented to' him, viz. as an 
abbreviation of equal additions, or of repetitions of the thing multi- 
plied. A totally new view of the process of multiplication has 
insensibly crept in by the advance from whole numbers to fractions. 
So new, so different is it, that we are satisfied Euclid in his logical 
and unbending march could never have attained to it. It is only 
by standing loose for a time to logical accuracy that extensions in 
the abstract sciences — extensions at any rate which stretch from 
one science to another — ^are effected. Thus Diophantus in his 
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Treatise on Arithmetic (i.e. Arithmetic extended to Algebra) 
boldly lays it down as a definition or first principle of his science 
that 'minus into minus makes plus'. The science he is founding 
is subject to this condition, and the results must be interpreted 
consistently with it. So far as this condition does not belong to 
ordinary arithmetic, so far the science extends beyond ordinary 
arithmetic : and this is the distance to which it extends — It makes 
subtraction to staud by itself, apart from addition; or, at any rate, 
not dependent on it. 

We trust, then, it begins to be seen that sciences are extended 
by the removal of barriers, of limitations, of conditions, on which 
sometimes their very existence appears to depend. Fractional 
arithmetic was an impossibility so long as multiplication was re- 
garded as abbreviated addition ; the moment an extended idea was 
enteHained, ever so illogically, that moment fi'actional arithmetic 
started into existence. Algebra, except as mere symbolized arith- 
metic, was an impossibility so long as the thought of subtraction 
was chained to the requirement of something adequate to subtract 
from. The moment Diophantus gave it a separate existence — 
boldly and logically as it happened — by exhibiting the law of minus 
in the forefront as the primary definition of his science, that moment 
algebra in its highest form became a possibility ; and indeed the 
foundation-stone was no sooner laid than a goodly building arose 
on it. 

The examples we have given, perhaps from their very simplicity, 
escape notice, but they are not less really examples of extension 
from science to science by the removal of a restriction. We have 
selected them in preference to the more familiar one of the extension 
of the meaning of an index, whereby it becomes a logarithm, because 
they prepare the way for a further extensiou in the same direction 
to which we are presently to advance. Observe, then, that in frac- 
tions and in the rule of signs, addition (or subtraction) is very 
slenderly connected with multiplication (or division). Arithmetic 
as Euclid left it stands on one support, addition only, inasmuch 
as with him multiplication is but abbreviated addition. Arithmetic 
in its extended form rests on two supports, addition and multiplica- 

1—2 
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tion, the one different firom the other. This is the first idea we 
want our reader to get a firm hold of ; that multiplication is not 
necessarily addition, but an operation self-contained, self-interpret- 
able — springing original! j out of addition ; but^ when full-grown, 
existing apart from its parent. 

The second idea we want our reader to fix his mind on is this, 
that when a science has been extended into a new form, certain 
limitations, which appeared to be of the nature of essential truths 
in the old science, are found to be utterly untenable ; that it is, in 
fact, by throwing these limitations aside that room is made for the 
growth of the new science. We have instanced Algebra as a growth 
out of Arithmetic by the removal of the restriction that subtraction 
shall require something to subtract from. The word 'subtraction' 
may indeed be inappropriate, as the word multiplication ap- 
peared to be to Record's scholar, who failed to see how the multi- 
plication of a thing could make it less. In the advance of the 
sciences the old terminology often becomes inappropriate ; but if 
the mind can extract the right idea from the sound or sight of a 
word, it is the part of wisdom to retain it And so all the old words 
have been retained in the science of Quaternions to which we are 
now to advance. 

The fundamental idea on which the science is based is that of 
motion — of transference. Heal motion is indeed not needed, any 
more than real superposition is needed in Euclid's Geometry. An 
appeal is made to mental transference in the one science, to mental 
superposition in the other. 

We are then to consider how it is possible to frame a new science 
which shall spring out of Arithmetic, Algebra, and Geometry, and 
shall add to them the idea of motion — of transference. It must be 
confessed the project we entertain is not a project due to the 
nineteenth century. The Geometry of Des Cartes was based on 
something very much resembling the idea of motion, and so far the 
mere introduction of the idea of transference was not of much value. 
The real advance was due to the thought of severing multiplication 
from addition, so that the one might be the representative of a kind 
of motion absolutely different from that which was represented by 
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the other, yet capable of being combined with it. What the nine- 
teenth century has done, then, is to divorce addition from multipli- 
cation in the new form in which the two are presented, and to 
cause the one, in this new character^ to signify motion forwards 
and backwards, the other motion round and round. 

We do not purpose to give a history of the science, and shall 
accordingly content ourselves with saying, that the notion of sepa- 
rating addition from multiplication — attributing to the one, motion 
from a point, to the other motion about a point — had been floating 
in the minds of mathematicians for half a century, without producing 
many results worth recording, when the subject fell into the hands 
of a giant. Sir William Rowan Hamilton, who early found that bis 
road was obstructed — ^he knew not by what obstacle — so that many 
points which seemed within his reach were really inaccessible. He 
had done a considerable amount of good work, obstructed as he was, 
when, about the year 1843, he perceived clearly the obstruction to 
his progress in the shape of an old law which, prior to that time, 
had appeared like a law of common sense. The law in question is 
known as the commutative law of multiplication. Presented in its 
simplest form it is nothing more than this, ' five times three is the 
same as three times five*; more generally, it appears under the 
form of *ab = ba whatever a and b may represent'. When it 
came distinctly into the mind of Hamilton that this law is not a 
necessity, with the extended signification of multiplication, he saw 
his way clear, and gave up the law* The barrier being removed, 
he entered on the new science as a warrior enters a besieged city 
through a practicable breach. The reader will find it easy to enter 
after him. 



CHAPTER II. 

VECTOR ADDITION AND SUBTRACTION. 

1, Definition of a Vector. A vector is the representative of 
transference through a given distance, in a given direction. Thus 
if ii^ be a straight line, the idea to be attached to 'vector AB' is 
that of transference from il to ^. 

For the sake of defiaiteness we shall frequently abbreviate the 
phrase * vector AB ' by a Greek letter, retaining in the meantime 
(with one exception to be noted in the next chapter) the English 
letters to denote ordinary numerical quantities. 

If we now start from B and advance to (7 in the same direction, 
BC being equal to A B, we may, aa in ordinary geometry, designate 

* vector BG' by the same symbol, which we adopted to designate 

* vector AB,* 

Further, if we start from any other point in space, and 
advance from that point by the distance OX equal to and in the 
same direction as AB, we are at liberty to designate * vector OX ' 
by the same symbol as that which represents AB. 

Other circumstances will determine the starting point, and in- 
dividualize the line to which a specific vector corresponds. Our 
definition is therefore subject to the followiug condition : — All lines 
which are equal and dravm in the same direction are represented by 
the same vector symbol. 

We have purposely employed the phrase * drawn in the same 
direction' instead of 'parallel,' because we wish to guard the 
student against confounding ' vector AB* with ' vector BA* 
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2. In order to applj algebra to geometry, it is necessary to 
impose on geometry the conditiou that when a line measured in 
one direction is represented by a positive symbol, the same line 
measured in the opposite direction must be represented by the cor- 
responding negative symbol. 

In the science before us the same condition is equally requisite, 
and indeed the reason for it is even more manifest. For if a 
transference from A to B he represented by + a, the transference 
which neutralizes this, and brings us back again to A, cannot be 
conceived to be represented by anything but —a, provided the 
symbols + and - are to retain any of their old algebraic meaning. 
The vector AB, then, being represented by + a, the vector BA will 
be represented by - a. 

3. Further it is abundantly evident that so far as addition and 
subtraction of parallel vectors are concerned, all the laws of Algebra 
must be applicable. Thus (in Art. 1) AB + BC or a + a produces 
the same result ba AC which is twice as great as ^^, and \a there- 
fore properly represented by 2a ; and so on for all the rest. The 
distribiLtive law of addition may then be assumed to hold in all its 
integrity so long at least as we deal with vectors which are parallel 
to one another. In fact there is no reason whatever, so far, why 
a should not be treated in every respect as if it were an ordinary 
algebraic quantity. It need scarcely be added that vectors in the 
same direction have the same proportion as the lines which corre- 
spond to them. 

"We have then advanced to the following — 

Lemma. All lines d/rawn in the same direction are, as vectors^ 
to he represented by numerical miUtiples of one ayid the same 
symboly to which the ordinary laws of Algebra, sofa/r as their addi- 
tion, svhtraction, and numerical multiplication a/re concerned, rnay 
he unreservedly applied. 

4. The converse is of course true, that if lines as vectors are 
represented by multiples of the same vector symbol, they are 
parallel. 
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It is only necessary to add to what has preceded, that if BChe 
a line not in the same direction with ^^q 

AB, then the vector BG cannot be 
represented by a or by any (arith- 
metical) multiple of a. The vector A B 
symbol a must be limited to express transference in a certain 
direction, and cannot, at the same time, express transference in 
any other direction. To express ' vector BO* then, another and 
quite independent symbol )8 must be introduced. This symbol, 
being united to a by the signs + and — , the laws of algebra will, 
of course, apply to the combination. 

5. If we now join AC, and thus form a triangle ABC, and if 
we denote vector AB by a, BC by j8, AC by y, it is clear that we 
shall be presented with the equation a + )3 = y. 

This equation appears at first sight to be a violation of Euclid I. 
20 : '^ Any two sides of a triangle are together greater than the 
third side". But it is not really so. The anomalous appearance 
arises from the fact that whilst we have extended the meaning of 
the symbol + beyond its arithmetical signification, we have said 
nothing about that of a symbol = . It is clearly necessary that the 
signification of this symbol shall be extended along with that of 
the other. It must now be held to designate, as it does perpetually 
in algebra, 'equivalent to.' This being premised, the equation 
above is freed from its anomalous appearance, and is perfectly con- 
sistent with everything in ordinary geometry. Expressed in words 
it reads thus : ' A transference from A to B followed by a trans- 
ference from B to C ia equivalent to a touisference from A to C* 

6. Axiom. If two vectors "have not iJie aa/me direction^ it is 
impossible that the one can neutralize the other. 

This is quite obvious, for when a transference has been effected 
from A to B, it is impossible to conceive that any amount of trans- 
ference whatever along BC can bring the moving point back to A, 

It follows as a consequence of this axiom, that if a, )3 be different 
actual vectors, i. e. finite vectors not in the same direction, and if 
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ma + np = Oy where m and n are numerical quantities ; then must 
m = Oan(in = 0. 

Another form of this consequence may be thus stated. If 
[still with the above assumption as to a and )3] ma + nl3=pa + qpy 
then must m =Pf and w = g'. 

7. We now proceed to exemplify the principles so far as they 
have hitherto been laid down. It is scarcely necessary to remind 
the reader that we are assuming the applicability of all the rules 
of algebra and arithmetic, so far as we are yet in a position to draw 
on them ; and consequently that our demonstrations of certain of 
Euclid's elementary propositions must be accepted subject to this 
assumption. 

To avoid prolixity, we shall very frequently drop the word vector, 
at least in cases where, either from the introduction of a Greek 
letter as its representative, or from obvious considerations, it must 
be clear that the mere line is not meant. The reader will not fail 
to notice that the method of demonstration consists mainly in reach- 
ing the same point by two different routes. (See remark on Ex. 9.) 

Examples. 

Ex. 1, The straight lines which join the ext/remities of equal and 
pa/raUd straight lines towa/rds the same pa/rts are themselves equal 
a/nd parallel. 

Let ABhe equal and parallel to CD ; 
to prove that -4C is equal and parallel 
to BD. 

Let vector AB be represented by o, 
then (Art. 1) vector CD is also repre- q* 
sented by a. 

If now vector CA be represented by /S, vector DB by y, we shall 
have (Art. 5) vector CB = CA + AB = )8 + a, 

and vector CB=^CD-\-DB^a + y; 
,', )8 + a = a + y, 
and)3 = y; 
so that j8 and y are the same vector symbol; consequently (Art. 1) 
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the lines which they represent are equal and parallel; i.e. CA is 
equal and parallel to £D. 

Ex. 2. The opposite sides of a parallelogram are equal; and 
the diagonals bisect each other. 

Since AB is parallel to (72), if vector AB be represented by a, 
vector CD will be represented by some numerical multiple of a 
(Art. 3), call it ma. 

And since CA is parallel to DB-, if vector CA be )8, then vector 
DB is np I hence 

vector (7J5 =-- Cui + ui^ = ^ + a, 

and ^CD^DB = ma'\'nP', 

,\ a + /8 = ma + nj8. 

Hence (Art 6) ma= 1, n= 1, i.& the opposite sides of the paral- 
lelogram are equaL 

Again, as vectors, AO + OB= AB 

= CD 
^COatOD', 

And 2J^ AO is a vector along ODy and CO a vector along OB ; 
it follows (Art. 6) that vector AO is vector OD, and vector CO is 
OB; 

.'. line ^0 = 02), CO = OB. 

Ex. 3. Tlie sides about the equal angles of equiangular triangles 
are proportionals. 

Let the triangles ABC, ADE have a common 
angle A, then, because the angles D and B are 
equal, DE is parallel to BC. 

Let vector AD h^ represented by a, DE by 
)8, then (Art. Z) AB is ma, J5(7 wj5. 

.-. as vectoi-s, AE = AD ■\- DE ^a-^ P, 
AC = AB-^BC = nia + nl3, 
Now AC is a multiple of AE^ call it J9(a+j3). 

.'. ma + nl3=p{a + P)y 
and ?»==/? = w (Art. 6), 
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But line J ^ : AD^tn, 
linejBC : DE=^n, 
.-. AB : AD :: BO : BE. 

Ex. 4. Tlis bisectors of tJie sides of a triangle meet in a point 
which trisects each of them. 

Let the sides of the triangle ABC be 
bisected in J9, E, F; and let AD, BE 
meet in G. 

Let vector BD or DC be a, CE or EA p, ^> 

then, as vectors, 

DE==DC-^CE=a + P, 

hence (Art. 4) BA is parallel to i>^, and 
equal to 2DE. 

Again, BG+GA= BA 

:=2DE 

= 2{DG + GE). 
Now vector BG is along GE, and vector 6^'^ along DG. 
.-. (Art. 6) BG=^2GE, 
GA = 2DG, 
whence the same is true of the lines. 




Lastlj, 



BG=^BE 
o 



GG=BG-BG 
= |(2a + )3)-2a 



= 303-a), 
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6F=BF-BQ 

^\ba-bg, 

hence CO is in the same straight line with GF^ and equal to 2GF, 

Ex. 5. WheUy instead of D and E being the middle points of 
the aides, they are any points whatever in those sides, it is required 
to find G and tits point in which CG produced meets AB, 

BG CA 

Let r^/^ = m, /rrT = wj also let vector i>(7 = o, yector GJS=P; 

.-. BG=^ma, GA=np. 
Hence BB=BG-^CE=m>a + P, 

I>A = a-¥np. 
Let BG^xBE, GA^yDA, 

then BA = BG^GA=x{ma-^P)^y{a-\-nP). 

But BA=m>a-{-nP, 

.'. (Art. 6) ocm + y = m, x-\-yn = ny 

. . BG (m-\)n AG (n-l)w» 

Again, let BF=pBA =p (ma + n)8). 
But BF=BG + CF 

= ma + a multiple of CG 

= ma + zCG suppose 

= ma + z{BG'-BC} 



= ma + « 



t mn-l ^ '^^ J 



The two values of BF being equated, and Art. 6 applied, 
there results 

- w— 1 m—1 

p=l-Z J, p^Z Ti 

^ mn—\ '^ m» — 1 
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whence 



i.e. 



1 -p n-l 

— = — . • 

p w- 1 
AF AE BD 



BF" QE ' CD' 
or AF. BD . GE^AE . CD . BF. 

Ex. 6. When^ instead of as in Ex. 4, where D^ E^ F a/re povrUs 
taken within BGy CA, AB at distances equal to half those lines 
respectively, they a/re points taken in BC, CA, AB produced, at 
the same distances respectively from C, A, amd B ; to find the inter- 
sections. 

Let the points of intersection be respectively ffj, G^, G^, 

E 




Betaining the notation of Ex. 4, we have 

^2> = 3a, CE = 3P; 
md.\BG^ = xBE 

= a;(2a + 3)S) 

and BG^ = BD + DG^ 

= 3a + yDA 
^3a + y{CA-'GD) 
= 3a + y(2)8-a); 

.'. 2x = d'-y, 3x=2y, and x 



(1). 



6 

7' 



.-. line EG^ = t;EB. 
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Similarly line FG^ = ^ FC, 
line DG^ = y DA, 

and from equation (1) BG^ = =• (2a + 3)3). 

But BG^ = -Sil + AG^ ^2a^ 2)8 + ^G^, ; 

.-. ^^.= ^-(2/3-.aj; 

2 
heuce line AG^ — ^ line Dil 

'^ 7 

= 22)^., 
and similarly of the others. 

Ex. 7. TAe middle points of the lines which join the points oj 
bisection of the opposite sides of a quadrilateral cohicide, whether 
the four sides of the quadrilateral he in t/ie same plane or not. 

Let A BCD be a quadrilateral ; F, E, G, F the middle points of 
AB, BG, CD, DA; X the middle point of FG. 

Let vector AB = a, AG= P, AD = y, 
then AF + FG==AD + DG gives 

-^a + .^(? = y + i(iS-y), 
Hiid AX =AF'^IfG 

= j(a + ^ + y), 

-which being symmetrical is a, )8, y in the same as the vector to 
the middle point of HF, 

X is called (Art. 14) the mean point of ABCD. 

Ex. 8. The point of bisection of the line which joins the middle 
points of the diagonals of a quadrilateral (pla/ne or not) is the mean 
point. 
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Let P, Q be the middle points of AC, 
BD, R that of PQ. 

E^taining the notation of the lost ex- 
ample we have 



J(2 = ^5 + P(2 = tt+J(y-a) = l(a+y), 



1 




i.e. AQ^^^AB-k-AD). 



Similarly 



ar=^Uap-\-aq) 



= j(a + ^ + y), 

i.e. i? is the same point as X in the last example ; and is therefore 
the mean point of ABCD, 

Ex. 9. AD is drawn bisecting BG in D and is produced to any 
j)oint E; AB, CE produced meet in P ; AG, BE in Q ; PQ is 
parallel to BG» 

'LetAB = a,AG = P, 
AP = xa,AQ = yp, 

.'. BG = 13 ^ a, AD = AB + 1 BG, a 

= i(a+i3) • 

and ^^ is a multiple of AB = « (a + )8) say. 

Then GP =pGE gives aa - /J = jp {« (a + )5) - )8}, 

.'. (Art. 6) x = pz, — 1 =pz-p; 
.-. p = a:+ 1. 

Similarly BQ = qBE gives yP-a=q{z{a-h P)- a}, 

y = qz, -l = 5'«-5', 
/. q^y + l, 




16 QUATERNIONS. [CHAP. IL 

and since « as - = ? we have 

hence the line PQ is parallel to BG. 

The method pursued in this example leads to the solution of all 
similar problems. It consists, as we have already stated, in reach- 
ing the points P and Q respectively by two different routes, — viz. 
through C and through E ior P', through B and through E for Q 
— ^and comparing the results. 

Cor. 1. PE : EG :: p-l \ I :\ X '. \ 11 AP '. AB. 
Cor. 2. AE I AD \i 2z I \ :: 2aj : »+ 1 

:: 2 (j9-l) \ p 

:: 2PE : PG, 

.-. AD : DE :: PE^EG : PE-EG. 

Ex. 10. If DEF he drawn cutting the aides of a triomgU ; then 
vnU AD.BF. GE = AE. GF. BD. 

Let ^i> = a, DA =pa, AE= ft EG =qP, 
thenBG = BA-^AG={l+p)a'{-{l-\-q)p, 
and CF is a multiple of BG. 

IjetGF=xBG 

= x{(l+p)a + {l+q)P}. 

But GF=:GE+EF 

^-EG-\-EF 
=--qP + y(pa + P); 

.•• equating, we have a;(l+|?)«2(rp, aj(l+g) = -^ + y, 
whence a; = ( 1 + a?) pq^ 

GF BF AD GE 




i.e. 



BG" BG'BD'AE' 
.'. AD.BF.GE^AE.GF.BD. 



EX. 11.] VECTOR ADDITION AND SUBTBACTION, 



17 



Ex. 11. If from, any poirU withm a paauLlelogTam^ parallels 
he draum to the aideSf the corresponding diagonaia qf the two 




parallelograms thus formed, and of the original pa/raUdogram 

shaU meet in the same point. 

» 

Let FQy BS meet in T; 
join TO, OB. 

Let OA = a, OB=^p, OQ^m^ OS^nfi^ 

thenCP=CC+CP=ni3 + (l-wi)o,SS = 5'C + (7i? = ma + (l-n)i8, 
and TO = TQ-OQ = x {wj8 + (1 -m) a} -»wa, 

also rO = 5W-.0/S=y{wa + (l-w)i3}-ni8: 

equating, there results 

«»=y(l-7i)-n; a;(l-fii)-m=yw»j; 

m 



.'. «= 



1-w— n* 



mn 



mm 



hence (Art 4) :7'0, (?2) are in the same straight line. 

Cob. to : TB :: «iw : (l-m)(l-w) :: OSGQ : CRBF. 

Ex. 12. ^*6 ^wte of bisection of the three diagonals of a com- 
plete qtiadrilateral are in a straight Une. 

T. Q, 2 



ts: 
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P, Qy E, the. middle points of the 
diagonals pf the complete quadrila^ 
teral ABGDy are in a straight line. 

Let AB^a,AD = p, 
AE^moy AF=nP; 
.-. BF=np-aaiidW^x{nP-a), 
HD = P -ma sad CD = y {P -ma). 

H^ow BC -h CD = BD= AD --AB A 




gives 
whence 



and 



X (n/3 — a) + y (j8 — ma) = )8 — a, 
aji» + y=l, »+fny=l, 
wi— 1 



aj=i: 



m/i — 1 * 



2 2 ( mr* - 1 ^ ' j 

1 m (n " 1) a + n {m — 1) P 
" 2 w» — 1 ' 



.'.AQ-AP = 



^«=^(a + i8), 

1 

2(mw-l) 
inn 



{(m-l)a + in-l)P}, 



or vector PR is a multiple of vector PQ, and therefore they are in 
the same straight line. 

CoR, Line PQ : PS :: 1 : mn 

:: AB.AD : AE.AF 

:: triangle ABD : triangle AEF. 

We shall presently exemplify a very elegant method due to 
Sir W. Hamilton of proving three points to be in the same 
straight line. 
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8. It is often convdnient to take a vector of the length of the 
unit, and to express the vector under coiisideration as a numerical 
multiple of this unit. Of course it is not necessary that the unit 
should have any specified value ; all that is required is that when 
once assumed for any given problem, it must remain unchanged 
throughout the discussion of that problem. 

If the line Jl^ be supposed to be a units in length, and the 
unit vector along AJB be designated by a, then will vector AB be 
aa (Art. 3). 

Sir William Hamilton has termed the length of the line in 
such cases, the Teksob of the vector ; so that the vector AB is the 
product of the tensor AB and the unit vector along AB, Thus if, 
as in the examples worked under the last article, we designate the 
vector AB by a, we may write a = TaUa^ where T'a is an abbre- 
viation for * Tensor of the vector a' ; Ua for * unit vector along a*. 

Examples. 

Ex. 1. If the vertical angle of a triangle be bisected by a 
straight line which also culs the base, the segments ai the base shall 
have the same ratio that the other sides of the triangle home to &ne 
another. 

Take unit vectors along AB, AC^ which . 

call a, p respectively : construct a rhombus Z<^T\q 

APQR on them and draw its diagonal AR, 

Then since the diagonals of a rhombus bi- 

B n C 

sect its angles, it is clear that the vector 

AD which bisects the angle ^ is a multiple of AR the diagonal 
vector of the rhombus. 

Now AR=AP+PR = AF-¥AQ=.a + p, 

.'. AD = x{a-\- P). 

Now vector AB = cay AG=bp; using c, & as in ordinary 
geometry for the lengths of AB, A 0, 

Hence BD = AD-AB^x{a-vp)-ca, 

and BD = yBC^ y{AC^ AB) 

^y{bp-ca). 

2—2 
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Equating, a:-c = -yc, x^yb; 

and BD : DC :: y : 1 -y 

:: c : b 
:: £A : AC. 

Cor. If a, j3 are unit vectors from ii, and if 8 be another 
vector from A such that B = x{a + P); then 8 bisects the angle 
between a and j3. 

Ex. 2. The three bisectors of the angles of a tricmgle meet in 

d point. 

Let AD, BE bisect A, B and meet in 0\ CG bisects C. 

Let units along AB^ AC^ BC be a, ^, y, then as in the last 

example, 

AG^x{a + P), BG = y (--a + y). 

But oyt=5j8-ca, 

••• ■»«-K-"^)- 

and OG=AG-AC 

also CG=£G-£0 



= y(-a + -^-^j-bp + ea; 



%Jb 
X-b=^^b, 



a ' 



1 bo ' 

whence x= ; , 

a-\-o-^c 

and CG = ^ — {ca-(a + 6)m 

= —7 — ( - ay - aj3) 

hence CG bisects the angle C (Cor. Ex. 1). 
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9. If a, j3, y are non-parallel yectors in the same plane, it is 
always possible to find numerical values of a, b, c so that cui-hbp 
+ cy shall = 0. ^ 

For a triangle can be constructed whose sides shall be parallel 
respectively to a, j3, y. 

Now if the vectors corresponding to those sides taken in order 
he aoy hp, cy respectively, we shall have, by going round the 
triangle, 

ao + 6j8 + <7=0. 

10. If a, j3, y are three vectors neither parallel nor in the 
same plane, it is impossible to find numerical values of a, 5^ c, not 
equal to zero, which shall render oa + 6)3 -f cy = 0, 

For (Art. 5) aa + hfi can be represented by a third vector in 
the plane which contains two lines parallel respectively to a, j3. 
Now cy is not in that plane, therefore (Art 6) their sum cannot 
equal 0. 

It follows that if aa + &^ + cy = and a, ^, y are not parallel 
vectors, they are in the same plane. 

11. There is but one way of making the sum of multiples 
of a, )3, y (as in Art, 9) equal to 0. 

Let ao + 6)8 + cy = 0, 

and also pa + qp + ry^O, 

"By eliminating y we get 

(or — cp) a + (6r - eg) ^= ; 
.•. (Art. 6) ar = cp, hr^cq^ 
ov a \ h : c :\ p : q \ r, 

so that the second equation is simply a multiple of the first. 

12. If a, Py y are coinitial, coplanar vectors terminating in 
a straight line, then the same values of a, 6, c which render 
oa + 6j8 + cy = will also render a + 6 + c = 0, 
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Let vector OA^a, OB=p, OC=y, ABC 
i>eiiig a straight line ; then 

AB = P'-a, 

But AO \a a multiple of AB^ 

or y-a=;>(j8~a), 
i.e. (p-l)a-/>j8 + y=0. 
But (j9-l)_jt> + l=0; 

and as j»-l, —p, +1 correspond to a, 5, c and satisfy the con- 
dition required, the proposition is proved generally (Art. 11). 

13. Conversely, if a, p, y are coihitial coplanar vectors, and if 
both aa 4- 6)3 + cy = and a + 5 + c = 0, then do a, ^, y terminate 
in a straight line. 

For ay + 6y + cy=0; 

therefore by subtraction 

a(y-a) + 6(y-/3) = 0, 
i.e. y — a is a multiple of y — ^, and therefore (Art. 4) in the same 
straight line with it: i.e. AG is in the same straight line with 
BC. (See Tait's Quaternions, § 30.) 

Examples. 

Ex. 1. If two trianglea are so sitimted that the lines which 
join corresponding angles meet in a point, then pairs of correspond- 
ing sides being prodibced wiU meet in a straiglU line, 

ABO, A'B'C are the triangles ; 
the point in which A' A, EB, C'G 
meet ; F, Q, E the points in which 
BO, SO', <fec. meet: PQR is a 
straight line. 

Let OA = a, OB = p, 00 =y, 
OA'^ma, OBf^n^, 00' =py, 
then BA = a — P, 

and BB^xia-P); 

B'A' = ma-np, 
and B'R^yima-nP). 
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Now ^^ = J9i? - iTJ? giverf 

(w-l)/3 = a;(a-^)-y(wa-w)8); 
.-. n-l = -aj + ny, = aj-my, 
m(w — 1) ^ 



-28 



and 



.^ 



whence 0fl = 0jB + 5i2 = fl-^^^^^(a-j3) 

_ w (m - 1) )3 — m (» — 1) a 
wi — w 

Similarly, OP^-P^zihzILi^ldM, 

n—p 



OQ 



_ m{p-'l)aT'p(m-l)y ^ 

" p — m ^ 

.\ (m-n){p--l)OR-h{n-p)(m-l)OP 

+ (p-m) (71-1)00 = 0. 
And also 

{m — w) (/> - 1) + {n -p) (m-l) + {p-m) (71 - 1) = 0, 

whence (Art. 13) P, 0, B are in the same straight line, 

Ex. 2. 7/* a qucxdrUateral he divided into tvx> qmfdrUdterals 
by any miiing line^ the centres of tlie ^ree sJiall lie in a ^trqighi line. 

Let P^QiQJP^ he the quadrilateral divided into two by the 




line PJQ^ Let the diagonals of PjQ^QJ*^m.Qe\, in R^\ and^o of 
the others : E^, E^, E^ are the centres. 
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Produce P3P1, QjQ^ to meet in 0. Let unit vectors along 
OP^ OQ be denoted by a, ^ ; and put 

then 0i?3 = 0Pj + P,5, = »»^a + aj(nj8-Wja), 

and OE^ = OQ^ + Q^i?. = w^iS + y (m.a - n,j8). 

Equating, we have 

m^-^mjX-mji/y and »^=nj-n,y; 

• • •«/ — — — -^— ^— — J 
and OR ^ ^i^«K-^«)<* + ^i^«K-^»)^ 

Similarly, • 

QJ^ __ ^«^a K~^s) <*-^^t^8 (^>"^«) ff 

And also 

whence (Art. 13) R^, B^^ R^ are in the same straight line. 

Cob. R^j R„ R^ will pass through provided the coefficients 
of a and P in the three vectors have the same proportion, Le. 
provided 

11111111 



•* 



w, w, m^ nhj^ Wj n^ n^ n^ 



Ex. 3. If ABf BE, CF he drcuvon cutting (me (mother at any 
point G within a triangle^ then Fl), BF, EF shall meet the third 
sides of the tricmgle produced in points which lie in a straight line. 

Also the produced sides of the tricmgle shaU be cut harmo- 
nically^ 
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If, as in Ex. 5, Art. 7, we put 




we get, as in that example, 

AF : BF :: n-l : w-1; 



.% ^i^== 



m + w- 2 



(ma + n^), 



and 



m + w-2*^ ' 
DM= xFDy compared with 

DM=DG-MC = a-yP, 



-n/3}. 



gives 



X 



(m-l)(n-2) _., ^ (m-l)r^ 



w + w — 2 



m+ w — 2 



y; 



n 



and 



•3^=;r:i' 



BM=BG-'MC=7na 



n 



w-2 



A 



Again, FE=FA^AE=^ 






{ma-(w-2)j3}. 
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And EL^xFE^ compared with 

m 

£L = (y + wi) a = — ^ — a. 

^ ' w - 2 

Thirdly, DI^= xDE = oj (a + )3), compared with 

Z)ir= 5iV- j52> = y (wia + »)3) - (ot - 1) a, 

m — w 

and BN = — '^Ima-^nB). 

Now (m - 1) (n - 2) ^Jf + (m-n) BN 

-(w-2)(w-l)5Z = 0. 

Also (m-l)(7i- 2) + (w-7i-)-('/ii-2)(n-l) = 0; 

therefore -Sif, 5iV, BL are in a straight line (Art. 13). 

Further, CL=-~^GD, 

m — 2 

BL^-^BD] 
w» — 2 

.-. CL : CD :: -BZ : BD, 

and i?Z is cut harmonically. 

Ex. 4. 7%e jt70in^ of intersection of bisectors of the sides of a 
tricmgle from the opposite angles^ the point of intersection of per- 
pendiculars on the sides from the opposite angles, and the point of 
intersection of perpendicvla/rs on the sides fro-m their middle points, 
lie in a straight line which is trisected by the first of these points, 

V. Let unit vector CB=a, unit vector GA = p, 
then, Ex. 4, Art. 7, CO = :^{aa + bfi). 




H 
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2®. Let ARf BK perpendiculars on the 
sides intersect in 0^ 

then HA = 6)3 - 6o cos C, 

= 6()8-acosC), 
KB^a{a-Poo»C). 

Now CO = GA+ AO, and also = C^ + J?0, gives 

i^ j3 + y6 ()3 - oa cos C) = ao + a» (a - )8 cos C7), 

icosC — a 
•'• ^"^ sin'C * 

and C70 = g^{(6-.acosC)a + (a-6cos(7)i8}. 

3^ Let perpendiculars from I> and j^ (Ex. 4, Art. 7) meet 
in X, 

then i>X is a multiple of HA. 

r. CX= CI) + DX = Ci: + EX gives 

^aa + v(^-acosC) = ^6)3 + «(a-)3co8C), 



.*. t? = 



2 

6 - a cos C 

2 8in«C ' 



- -, „ (a — 5 cos C) a + (6 - a cos (7) ^ 

and C A = . ,^ , 

2sm*(7 

.\ 2CX+C6?-3CG?=0, 

and also 2 + 1-3-0, 

.'. Xf 0, G are in a straight line. 

Also C0-CG=2{CG''CX), 

or vector GO = 2 vector XG^ 
.-. G0 = 2GX, 
and (r trisects XO. 

14, The vector to the mean point of any polygon is the mean 
of the vectors to the angles of the polygon. 
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1". Let be any point ; then in the figure of Ex. 4, Art. 7, 
we have, calling OA, a, Oj5, j8 and OC, y, 

00=-a + AG = P+BGr=y+CG 

1 
= g(a + ^ + v); 

because AG + BG + CG=^^{AJ[> + BE-^CF) 

= ^{{AB+AC) + (BA + £C) + {OA + C£)} 
= 0. 

2». If OA, OB, OC, Oi> be a, /9, y, 8, in the figure of Ex. 7, 
Art, 7, we have 

OZ=OH + EX= 0E^\ {OF- OH) 

= l(0^+0^ = |(a + i3 + y + 8> 

3^ In the more general case we may define the mean point in 
a manner analogous to that adopted in mechanics to define the 
centre of inertia of equal masses placed at the angular points of 
the figure. Thus, if we take any rectangular axes OX, OY, and 
designate by a, )3 unit vectors parallel to these axes; and by p^ 
Pj, &C. the vectors to the different points; and if we write aj^, y^; 
x^j f/^, &o. for the Cartesian co-ordinates of the different points 
referred to those axes ; and define the mean point as the centre of 
inertia of equal masses placed at the angular points; the Cartesian 
co-ordinates of that point will be 



x=— 


+ «,+ 
m 


m 


m • 

~ 9 


and its vector 




p=xa+yp. 
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Now Pi = «i* + yiA Pg = «*a + y J8, <fec. 

* fn tn nh 

= p. 

Cor. 1. (Pi-p) + (p,-p) + (pa-p) + <fcc-=»0, 

i.e. the sum of the vectors of all the points, drawn from the mean 
pointy = 0. 

The extension of the same theorem to three dimensions is 
obvious. 

Cor. 2. If we have another system of n points whose vectors 
are cr^, o-^, &c, then the vector to the mean point is 

0", + 0',+ ... 

cr = -» *- . 

n 

If now r be the mean point of the whole system, we have 

p^-hp^-^ ... +<r, + 0-,+ ... 
J — J 

m + n 
t)r (wj + w)t— wip-wor=0, 

hence (13) r, p, tr terminate in a right line; or the general mean 
point is situated on the right line which connects the two partial 
mean points. 

Additional Examples to Chap. IL 

1. If P, Q, By 8 be points taken in the sides AB, BO, CD, 
DA of a parallelogram, so that AP : AB ;: BQ : BG, &c., PQRS 
will form a parallelogram. 

2. If the points be taken so that AP=CR, BQ==DS, the 
same is true. 

3. The mean point of PQRS is in both cases the same as that 
of ABCD. 
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4. If FQR'S' be another parallelogram described as in Ex. 1, 
the intersections of FQ^ -P^, &c. shall be in the angular points of 
a parallelogram EFGH constructed from PQRS as FQRS* is 
constructed from ABCD. 

5. The quadrilateral formed by bisecting the sides of a 
quadrilateral and joining the successive points of bisection is a 
parallelogram, with the same mean point. 

6. If the same be true of any other equable division such as 
trisection, the original quadrilateral is a parallelogram. 

7. If any line pass through the mean point of a number of 
points, the sum of the perpendiculars on this line from the 
different points, measured in the same direction, is zero. 

8. From a point E in the common base AB oi the two 
triangles ABG^ ABD, straight lines are drawn parallel to AG, AD, 
meeting BO, BD B,tF,G; shew that FG is parallel to GD. 

9. From any point in the base of a triangle, straight lines are 
drawn parallel to the sides: shew that the intersections of the 
diagonals of every parallelogram so formed lie in a straight line. 

10. If the sides of a triangle be produced, the bisectors of the 
external angles meet the opposite sides in three points which lie 
in a straight line. 

11. If straight lines bisect the interior and exterior angles 
at A of the triangle ABG in JD and F respectively; prove that BD, 
BG, BE form an harmonical progression. 

12. The dia^nals of a parallelepiped bisect one another. 

13. The mean point of a tetrahedron is the mean point 
pf the tetrahedron formed by joining the mean points of the 
triangular faces; and also those of the edges. 

14. If the figure of Ex. 11, "Art. 7, be that of a gauche quadri- 
lateral (a term employed by Chasles to signify that the triangles 
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AOD^ BOD are not in the sa^ne plane), the lines QP, DOy RS will 
meet in a point, provided 

AP OS ,AQ DR 
-^ = 7n^,and^ = m^. 

15, If through any point within the triangle ABC^ three 
stndght lines MN, PQ^ RS be drawn respectively parallel to the 
sides AB, AG, BO ; then wiU 

MN PQ RS 



AB AG BC 



= 2. 



IG. ABGD is a parallelogram; ^, the point of bisection of 
AB ; prove that AG, DE being joined will trisect each other. 

17. ABGD is a parallelogram ; PQ any line parallel to GD ; 
PD, QG meet in *S', PA, QB in R ; prove that AD is parallel to 
RS. 



CHAPTER III. 



VECTOR MULTIPLICATION AND DIVISION. 



15, Wb tsrust we have made the reader understand by what we 
stated in our Introductory Chapter, that, whilst we retain for 
^multiplication' all its old properties, so far as it relates to ordi- 
nary algebraical quantities, we are at liberty to attach to it any 
signification we please when we speak of the multiplication of ^ 
vector by or into another vector. Of coui'se the interpretation of 
our results will depend on the definition, and may in some points 
difier from 'the interpretation of the results of multiplication of 
numerical quantities. 

It is necessary to start with one limitation. Whereas in 
Algebra we are accustomed to use at random the phrases ' multiply 
by' and 'midtiply into' as tantamount to the same thing, it is 
now impossible to do so. We must select one to the exclusion of 
the other. The phrase selected is 'multiply into'; thus we shall 
understand that the first written symbol in a sequence is the 
operator on that which follows : in other words that a)3 shall read 
*a into P\ and denote a operating on p, 

16. As in the Cartesian Geometry, so ^ 
here we indicate the position of a point in 
space by its relation to three axes, mutually 
at right angles, which we designate the axes 
of X, y, and z respectively. For graphic 
representation the axes of x and y are 
drawn in the plane of the paper whilst that 
of z being perpendicular to that plane is 
drawn in perspective only. As in ordinary 



.-.*■ 
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geometry we assume that when vectors measured forwards are 
represented by positive symbols, vectors measured backwards will 
be represented by the corresponding negative symbols. In the 
figure before us, the positive directions are forwards^ upwards 
and outwwrds; the corresponding negative directions, backwards, 
downwards and inwards. 

With respect to vector rotation we assume that, looked at in 
perspective in the figure before us, it is negative when in the 
direction of the motion of the hands of a watch, positive when in 
the contrary dii-ection. In other words, we assume, as is done in 
modem works on Dynamics, that rotation is positive when it 
takes place from yioZyZiox,x\^y: negative when it takes 
place in the contrary directions (see Tait, Axt, 65). 

Unit vectors at right angles to each other, 

17, Definition. If i, j, k be unit vectors along Ox, Oy, Oz 
respectively, the result of the multiplication of i into J or ij is 
defined to be the turning of J through a right angle in the plane 
perpendicular to t and in the positive direction ; in other words, 
the operation of i on j turns it round so as to make it coincide 
with h'y and therefore briefly ij^h 

To be consistent it is requisite to admit that if i instead of 
operating onj had operated on any other unit vector perpendicular 
to ^ in the plane of yz, it would have turned it through a right angle 
in the same direction, so that ik can be nothing else than —j. 
Extending to other unit vectors the definition which we have 
illustrated by referring to *, it is evident that j operating on k 
must bring it round to t, OTJk = i. 

Again, always remembering that the positive directions of 
rotation are y to z, z to x, x to y, "we must have ki =j, 

18. As we have stated, we retain in connection with this 
definition the old laws of numerical multiplication, whenever 
numerical quantities are mixed up with vector operations; thus 
2i. Sj=6ij. Further, there can be no reason whatever, but the 
contrary, why the laws of addition and subtraction should undergo 

T. Q. '3 
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any modification when the operations are subject to this new 
definition ; we must clearly have 

"Finally, as we are to regard the operations of this new de- 
finition as operations of multiplication — magnitude and motion 
of rotation being united in one vector symbol as multiplier, 
juflt as magnitude and motioii of translation' were united in 
one vector symbol in the last' chapter — we are bound to retain 
all the laws of algebraic lilultiplication so far as they do not 
give results inconsistent with each other. In no other way can 
the conclusions be made to conipare with those deduced from 
the corresponding operations in the previous scil9nce. Thus we 
retain what Sir William Hamilton terms the dssOdicUive law of 
multiplication: the law which assumes that it is indifferent in 
what way operations are grouped^ provided the order be not 
changed ; the law which makes it indifferent whether we consider 
abc to he ax he or ab X c. This law is assumed to be applicable to 
multiplication in its new aspect (for example tliat ijk = ij . k)y and 
being assumed it limits the science to certain boundaries, and, 
along with other assumed laws, furnishes tlie key to the interpreta- 
tion of results. 

The law is by no means a necessary law. Some new forms of 
the science may possibly modify it hereaftef. In the meantime 
the assumption of the law fixes the limits of the science. 

The commutative law of multiplication linder which order may 
be deranged, which is assumed as the groundwork of common 
algebra (we say assumed advisedly) is now no longer tenable. And 
this being the case it is found that the science of Quaternions 
breaks down one of the barriers imposed by this law and expands 
itself into a new field. 

ij is not equal to ji, it is clearly impossible it should be. 

A simple inspection of the figure, and a moment s consideration 
of the definition, will make this plain. The definition imposes on i 
as an operator onj the duty of turning^' through a right angle as 
if by a lefb-handed turn with a cork-screw handle, thus throwing 
jup from the plane xi/; when, on the other hand,^ is the operator 
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and i the vector operated on, a similar left-handed turn will bring 
i doum from the plane of xy. In fact ij=^k, ji = — kf and so 

19. We go on to obtain one or two results of the application 
of the associative law. 

1. Since ij = ky we have i ,ij = ik = ^j, 
Now by the law in question, 

• «• •• • .M • 

or i" = -l. 

Our first result is that the square of the unit vector along Ox 
is - 1 ; and as Ox may have any direction whatever, we have, gene- 
rally, t^is square of a v/nit vector = - 1. In other words, the 
repetition of the operation of turning through a right angle reverses 
a vector. 

2. Again, ijk = i,jk^i,i = i* = '-\^ 
Similarly it may be proved that 

jki^k^^-ly 

or no change is produced in the product so long as direct cyclical 
order is maintained. 

3. But i^; = i.^J = t. — i = — i' = +l ; 

.•. ijk^ — ikff 
or a derangement of cyclical order changes the sign of the product. 
This last conclusion is also manifest from Art. 18. 

Vectors generaUy not at right angles to each other, 

20, We have already (Art. 8) laid down the principle of 
separation of the vector into the product of tensor and unit 
vector ; and we apply this to multiplication by the considerations 
given in Art. 18, from which it follows at once that if a be a 
vector along Ox containing a units, P a vector along Oy con- 
taining b units, 

a = ai, P = ^i and afi=^abij, 

3—2 
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In the same way 



9 * * S*9 fl 

a = at . ai = arv = — a , 




or the square of a mctor is the square of the corresponding lim 
with the negative sign. 

Seeing therefore the facility with which we can introduce 
tensors whenever wanted, we may direct our principal attention, 
as £Eur as multiplication is concerned, to unit vectors. 

21, We proceed then next to find the product a)8, when a 
and ^ are vectors not at right angles to one another. 

1. Let ol^ ^\iQ unit vectors. 
Let 0^ = a, OB^^ 

Take OC — y^ a unit vector perpen- 
dicular to OB and in the plane BOA^ 
Take also BO or 2)0' produced = c, a unit 
vector perpendicular to the plane BOA, 

Draw AMy AN perpendicular to 0J5, 
OCy and let the angle BOA = B ; then 

vector OA = 0M+ MA = OM+ ON (Art. 1) 

= part of 05 + part of OG (Ari 3). 

Now it is evident that OM as a line is that part of OB which 
is represented by the multiplier cos^, or 0M= OB coaO, and 
similarly that 0N=0Csm6: consequently (Art. 3) the same 
applies to them as vectors ; i.e. 

vector OJf=j8cosfl, vector 0^=y sin ^; 

.'. a = j3cos0 + ysin^, 

and ap = (PcoBe + ysme)l3 

= j8*cosfl + y)8sinft 

But i8» = -l (19. 1), 

7)5 = c (17); 

[Observe that y, p and c of the present Article correspond 
to j, i and -k of Art. 17.] 

•'. aj8=-cosfl + csinft 
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2. K a, j3 are not unit vectors^ but contain Ta and T^ units 
respectively, we have at once, by the principle laid down in 
Art. 20, 

o)3 = TaT)8 (- cos fl + € sin fl). 

3. It thus appears that the product of two vectors a, p not 
at right angles to each other consists of two distinct parts, a 
numerical quantity and a vector perpendicular to the plane of 
a, p. The former of these Sir William Hamilton terms the scalar 
part, the latter the vector part. We may now write 

aP^Sap + VaP, 

where S is read scalar, V vector : and we find 

SaP^'-TaTpco&e^ 

rap = TaTp€miie. 

4. The coefficient of c in Vap is the area of the parallelogram 
whose sides are equal and parallel to the lines of which a, P are 
the vectors. 

22* To obtain )3a we have, a and P being unit vectors, 

a = p cos tf + y sin ^ ; 

.'. pa = p(Pcose+yBme) 

= P^co&O + Pysm0 

= -cos^-€sine(Art. 19. 1 and 18); 
therefore generally 

pa^TaTp (-cos e- csin 0). 

It is scarcely necessary to remark that whilst y operating on 
P turns it inwards from OB to DO produced, P operating on y 
turns it outwards from 00 to OJ), causing it to become - c. 

We have therefore 

1. Sap = spa. 

2. Fa/? = -F/5a. 

3. apA-Pa^ 2Sap. 

4. aP'paz^2Vap. 
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5. (o + i8)"=(o + i8)(a + )8) 

= a* + 2Sap-^ p\ 

6. (a-Py=a'--2Sap + p\ 

7. If a, 13 are at right angles to each other^ Sap = 0, and 

conversely. 

8. Vap is a vector in the direction perpendicular to the 

plane which passes through a, p, 

9. a'j8*= a/S . )3a because jS* is a scalar ; 

.-. a'P' = {Sap + Fa)3) {Safi - Vafi) 

= {Sapy-{rapy. 

Note. a*)3" must not be confounded with (oj8)*. 

23t Before proceeding further it is desirable we should work 
out a few simple Examples. 

E2. 1. To express the cosine of cm anigle of a triangle in terms 
of ths sides. 

Let ABC be a triangle ; and retaining the usual notation of 
Trigonometry, let 

C^ = a, CA=p; 

then (vector ABy = (a - py 

= a'-2Sap + P'(22.e), 

or, changing all the signs to pass from vectors to lines (20) and 
applying 21. 3, 

c*= a*- 2a5 cos (7+ 6*. 

Ex. 2. To express the relations between the sides and opposite 
angles of a triangle. 

Let CB==a, GA = p, BA=y. 

Then CB-¥BA = GA gives 

.-. a" = a(j8-y)=o^-ay. 
Take the vectors of each side. 
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Now Va* = 0, for a' = -a' has no vector part, 

i e. (21. 3) a^€ sin C = ac€ sin -B, 
or b sin G = c sin B ; 
i.e. b : c :: BinB : sin (7. 

Ex. 3. The 9um jof tliA squares of the diagonals of a pared- 
hhgram is equal to the sum of the squares of the sides, 

Eetaining the notation and figure of Ex. 1, Art. 7, 

.-. C/jB* + i>^" = 2a' + 2)3», 
and, changing all the signs, we get (20) for the corresponding 

CB' + I)A*=2GA^-^2AB' 

=^CA'+AB'+BD' + J)C. 

Ex. 4. Parallelograms upon tlie same base omd between the 
same parallels are equal. 

It is necessary to remind the reader of what we have already 
stated, that examples such as this are given for illustration only. 
We assume that the area of the parallelogram is the product of 
two adjacent sides and the sine of "the contained angle. 

Adopting the figure of Euclid i. 35 and writing TVfia as the 
tensor multiplier of Vfia so as to drop the vector c on both sides; 
we have, calling BA, a ; BO, fi ; 

BE=BA+AE 

.-. Y,p{a^xp):=V{BO,BE), 
i.e. Vpa = V{BC,BE\ 
remembering that x^ has no vector part. 
Hence T,Vpa=T {BC . BE), 

i.e. BG . BA sin ABG=BG , BE sin EBG{21, 3), 
which proves the proposition. 
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Ex. 5. On tlie sides AB, AG of a triangle are constructed any two 
paraU4ogramis ABBJS, ACFG : tJie sides BE, FG a/re prodticed to 
meet in\H. Prove that the sum of tlie areas of the parallelograms 
ABDE, ACFG is equal to the area of the pa/raUelogram whose 
adjacent sides are respectively eqiwl and parallel to BC and AH, 

Let BA = a, AE=py AC = y, GA=S, 

then Aff=:P + xay and -4J7= — 8-yy; 

.-. raLAH=Vap and VyAH=-VyB 

= F8y(22. 2), 

hence ^ (« + r) ^^= ^^P + %> 

L e. (21. 4), the parallelogram whose sides are parallel and equal to 
BC9 Afff equals the two parallelograms whose sides are parallel 
and equal to BA, AE ; GA, -4 C respectively. 

[The reader is requested to notice that the order GA, AC is the 
same as the order BAy AEy and BAy AH : so that the vector e 
is common to all.] 

Ex. 6. IfOhe any point wliatever either in the plane of the 
tiiangle ABC or out of tJiat plane, the squares of the sides of the 
triangle fall short of three times the squa/res of the distances of t/ie 
angular points from 0, by the square of three times the distance of 
the mean point from, 0, 

Let OA = ay 0B = l3y OC = yy 

then (Art. 14), 6>G^ = ^ (a + )S + y), 

o 

or a'-¥l3' + y' + 2S(aP-hpyhya) = 90G'. 

Now AB = p-ay BG^yPy (7^ = a-y, 

.-. ^^' + J5C" + (7^» = 2(a» + )3' + /)-25'(a^ + )3y+ya) 

= 3(a» + j8»4.y')-90G^, 
and the lines 

AB" + 567* + C^« = 3 {OA' + 0B'+ OC) - {30G)'. 

Ex. 7. The sum of the squares of the distances of any point 
from t/ie angular points of the triangle exceeds Hie sum of the 
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squares of Us diatcmces from the middle points of the sides by the 
su7n of the squa/res of half the sides. 

Betaining the notation of the le^t example, and the figure of 
Ex. 4, Art. 7, 

AH' M Tin' 4- PA' 

.-. as lines Q2>' + Q^ + Qi^' + "^ , "^ ^OA' + OB'-hOC. 

4 

Ex. 8. The squa/res of the sides of any quadrilateral exceed the 
squa/res of tlie diagonals by four times the square of the line which 
joins the middle points of the diagonals, 

Hetaining the figure and notation of Ex. 8, Art 7, we have 
squares of sides as vectors 

= a'+08-a)' + (y-)8)'+y 

= 2 (a* + )3' + /) - 2^ (aj8 + iSy), 

and squares of diagonals 

= a» + )8" + /-2AS'ay; 

therefore the former sum exceeds the latter by 

a» + )8» + y« _ 2Sal3-2SPy + 2Say 

= 4:{0Q- opy 

= 4:FQ\ 

Therefore as lines the same is true. 

Ifote. The points A, B, G, D need not be in one plane. 
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Ex. 9. Four times the aqtiarea of the distances of any point 
whatever fro^n the angular points of a quadrilateral are eqibal to the 
swm, of the squares of the sideSy tJie squares of the diagonals and ifie 
square of four times the distance oftJie point from the meam, point 
of the figure. 

With the notation of Art. 14, and the figure of Ex. 7, Art. 7» 
we have 

squares of the sides + squares of the diagonals 

= (^-a)»+(y-^)« + (S-y)--f(a-8)» + (y-a)- + (S-^) 

Now (Art 14) (a + )3 + y + 8)' = (40X)' ; 

.'. (WXy + squares of sides + squares of diagonals 
= 4 (OA* + OB^ ^ OC + OB^. 

Ex. 10. The lines which join tlie mean points of three equila- 
teral tria/ngles described outwa/rds on the three sides of any triangle 
form an equilateral triangle whose meam, point is the same a^ that of 
the given triangle. 

Let P, Q, B be the mean points of the equilateral triangles on 
BC, CAy AB\ PD = a,DG=-P, C^ = y, EQ = h', and let the sides 
of the triangle ABC be 2a, 26, 2c. 




•. P^ = (a + )8 + y + 8)» 

= a' + /3» + y» + 8* + 2SaP+2Say 4- 2Sah 

+ 2SPy + 2SI3S + 2^y8. 
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Changing all the signs and observing that 

2 
Sa^ = 0, Say = 75 ah sin C, &c. 

we have (writing the results in the same order), 

linePG' = ? + a" + 6' + ? + 
o o 

2 2 2 

+ ~y^ absmC+-xdb cos C — 2a5 cos (7 + -J^ aft sin (7 + 

4 4 

= « (a' + 6" - 06 cos C) + -y^ oft sin (7 

= I (a'+ 6« + c') + -^ area of ^BC, 

which being symmetrical in a, h, c proves that PQB is equilateral. 
Again, G being the mean point of ABCy 

JP6^ = PJ9 + i>G^ = a + | + ^, 
and line FG'=-^-^ 77+ -vr + ^—75 aft sin (7 - 77 oft cos (7 

o . y y a ^o y 

2 2 

= ^(a" + ft' + c') + s— To area. ABC; 

y o ^o 

.-. PG = QG = RG\ 
and & is the mean point of the equilateral triangle PQR. 

. Ex. 11. In any quadrUateral prism, the sum 
of the squares of the edges exceeds the sum of the 
squa/res of the diagonals by eight times the square 
oftlie straight line which joins the points of inter- 
section of the two pairs of diagonals. 

Let OA = a, OB = p, OC = y, OD = S; ^ 

sum of squares of edges = 

2{a' + j3* + (y-a)»+(y-)3)' + 28»} 

= 2 {2a» + 2/3' + 2y» + 28' - 2;^ay - 2Spy}, 
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sum of squares of diagonals 

Also |0G^ = ^(8 + y) 

= vector to the point of bisection of 
CDy and therefore to the point of intersection of OG^ CD^ 
and vector from to the point of bisection of AF, as also to that 
of BE, and therefore to the intersection of AF^ BE 

hence vector which joins the points of intersection of diagonals 

eight times the square of this vector 

= 2 (a' + ^" + y + 2/.^a^ - 2^ay - 2;S'j8y), 

which, added to the sum of the squares of the diagonals, makes up 
the sum of the squares of the edges. 

R 

24, Definition. We define the quotient or fraction — , where 

a 

a and P are unit vectors, to be such that when it operates on a it 
produces p ov — . a = )3. This form of the definition enables us to 

strike out a by a dash made in the direction of ordinary writing, 

B B 

thus — . a= B. — is therefore that multiplier which, operating 
a a 

on a, OT on P cos0 + y sin $ (21), produces jS, 

Now cos tf + 6 sin S operating on ^ cos ^ + y sin 5 produces 

/3 cos' + (y + tP) smO cosO + ey sin' ft 
But a glance at the figure (Art. 21) will shew that 

€^==-y, 
and ^y = P) 
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. •. COS + c sin operating on )3 cos fl + y sin fl produces /3 ; 

hence — = cos ^ + € sin ft 

a 

It may be worth irhile to exhibit another demonstration of 
this proposition : thus 

^.ap = p.p{hj the associative law) = - 1 . (19 . 1). 

ie. (21.1) ^.(-costf + €sin^) = -l. 

Now (costf + esin tf) (-cos^ + csin^) 

= - cos' 6 — sin* 
= -1; 



. , — = COS fl + € sin ft 
a 



Cor. ^ = "/?a(b7 22). 

25* 1- Definition. Still retaining a, j3 as unit vectors, since 

— operating on a causes it to become fi, it may be defined as a 

VEBSOR acting as if its axis were along OD (Fig. Art. 21). By 
comparing the result of that article with the dednitions of Art. 

17, it is clear that — or cos ^ + c sin d is an operator of the same 

a 

character as - ^ or € (as we have now called the corresponding 
unit vector) ; with this difference only, that whereas — ^ or c as an 
operator would turn a through a right angle, cos ^ + c sin 6 turns it, 
in the same direction, only through the angle : cos ^ + c sin is 
then the versor through the angle ft 

2. If a, p are not unit vectors, the considerations already 
advanced render it evident that 



-= -m- (cos tf + € sm 6). 



a Ta 

TB 
Now ~- is itself of the nature of a tensor, for it is a numerical 
2a 

quantity, hence - is the product of a tensor and a versor. 
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26. By comparing the last Article with Art. 22 it appears 
that generally the product or quotient of two vectors may be 
expressed as the product of a tensor and a versor. This product 
Sir W, Hamilton names a Quaternion. 

Cor. It is evident that a quaternion is also the sum of a 
scalar and a vector. 

27. (1) I^ <*> A 7 *^re unit vectors in the same plane, c a 
unit vector perpendicular to that plane ; we 

have seen that - operating on a turns it 

a 

round about c as an axis to bring it into the 

position 13, If now ^ be a second operator 

about the same axis in the same direction 

acting on fiy it will bring it into the position y. But it is evident 

that - acting on a would at once have brought it into the position 
a 

y. This is equivalent to the fact that ^ . — — - ; or in another 
' p a a 

form (Art. 24) that 

(cos <^ + € sin <^) (cos fl + c sin tf ) = cos (tf + ^) + € sin (B + ^). 

From this it is evident that the residts of Demoivi*e's Theorem 
apply to the form cos + c sin 0, 

Further, it is evident that since cos ^ + c sin operating with c 
as its axis, turns a vector through the angle 6^ whilst c itself acting 
in the same direction turns it through a right angle, cos ^ + c sin ^ 
is pa/rt of the operation designated by c, viz. that part which bears 
to the whole the proportion that $ bears to a right angle. 

(2) Remembering then that the operations are of the nature 
of multiplication, it becomes evident that cos ^ + c sin ^ as an 

t 

operator may be abbreviated by c^ or c"". 
And since 
(cos 6 + € sin &) (cos ^ + c sin <^) = cos (C +<^) + c sin {$ + ^), 
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we shall have 

IT IT V^ ^ f 

C . € =€ 

or the law of indices is applicable to this operator. 

(3) Now we have already seen (19. 1) that €* =- 1 ; 

Conversely, if e" = ± c, n must be an odd number ; if €" = - 1, 
n must be an odd multiple of 2 ; and if €" = + 1, w must be an even 
multiple of 2. 

(4) When a, P are not units, the introduction of the corre- 
sponding tensor can be at once effected. 

We conclude that a quaternion may be expressed as the power 
of a vector, to which the algebraic definition of an index is 
applicable. 

28. Reciprocals of quaternions — unit vectors. 

1. Since a . a = a' = — 1, 

and -.a=l (Def. Art. 24) 

= — a . a; 

1 

.'. — = — a,ora * = — a: 
a 

or the reciprocal of a unit vector is a unit vector in the opposite 
direction. 

1 i 

2. AgEtin, a. — = a( — a) = l= — .a: 

a ^ a 

or a vector is commutative with its reciprocal. 

3. If ^ be a versor (say cos tf + € sin ^, or — j , 

- ,q=\ (Def. extended). 

Now — = 9' > 

a 

,', P = qa, by operating on a. 
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Also 



a 1 



a = - p,hj operating on )3, 
and P = qa = q .~Pi 

^ 9 

or q and - are commutative. 

This is perhaps better demonstrated hj observing that 

or that if — = cos + € sin 0, 

a 

then must ^ = cos 5 - e sin d ; 

factors which are from their very nature commutative. 
As a verification, we have 

Q 

• ^ = (cos ^ + € sin ^) (cos 0-€HiaO) 

= (cos ey - ^ (sin oy 
= 1 

because €* = — 1 (28. 1). 

When the versors are not units the tensors can be introduced 

as mere multipliers without affecting the versor conclusions. 

•« 
29, We present one or two examples of quaternion division, 

Ex. 1. To express sin (6 + ^) cmd cos {6 + ^) in terms of sines 
and cosines of and tf>, 

a, )8, y being unit vectors in the same plane (Fig. Art. 27), we 
have 

- = cos S + € sin 0, 
a 
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y 

^ = cos ^ + € sin ^, 

^ = cos (tf + «^) + c sin (fl+ <^). 

But y=i P. 

a p' a' 

.-. cos(5+^) + €sin(^ + ^) = (cosfl + €sinfl)(cos^ + €sin<ji); 
whence multiplying out and equating, we have 

sin (tf + ^) = sin tf cos + cos 6 sin ^, 

cos(^ + ^) = c9secos<^-sintfsin^. 

Cob. If the action of the versora be in opposite directions, 
P lying beyond y, we have (Art. 28) 

^=cos(«-^)-csin(fl-<^), 

•«» 

But ~ = cos^ + csin^ 

a 

■^ = cos tf - € sin tf ; 

. o a )S . 
• . - = "5 . - gives 

cos (tf-^)-csin(^- «;^) = (cos tf-c sin e)(oo8^ + €sin ^), 
whence sin(d-«^) =sintfcos<^-cosdsin^, 

cos (tf - ^) = cos cos <^ + sin 6 sin ^. 

Ex. 2. To find the cosine of the angle of a spherical triangle 
in terms of the sides. 

Let a, )8, y be unit vectors Oil, OB^ OG not in the same 
plane, then 

y a y 

Le. taking the scalar of each side, 

cosa = cosccos6 + /S. f T -•F-), 

\ a y/ 

T. Q. 4 
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Now SY^V- is sin c sin & X cosine of the angle between 
ay ° 

perpendiculars to the planes AB^ AC, and is therefore 

sin b sin c cos A ; 

.'. cos a = cos c cos & + sine sin 6 cos .4. 

The reader will observe that in accordance with the results of 
Art. 21, the sign of the term involving cos A is +, seeing that it is 
in fact — cosine (supplement of A), 

Ex. 3. The angles of a triangle are together equal to two right 
amgles. 

What we shsll prove in fact is that ihe exterior angles formed 
by producing ther sides in the same direction are equal to four 
right angles; 

Let unit vectors along BC, CA^ AB be a, )3, y ; and let the. 
exterior angles formed by producing BCy CA, AB he 6, <l>, ij/; 
then 

29 

€'a = ^(27. 1), 

eT)ft=y, 

€'y=a; 
.•. €"■ . €' a = €»^ = y, 

2^ 2^ 29 2i^ 



and 


€«■ . €"" . €^ a=€*y=sa, 


so that 


2^ 2^ 29 
€».€». €' = 1, 


or 


ci^^*^^ =1(27.2). 



2 
Hence (27. 3), - (tf + <;^ + ^) is an even multiple of 2. The 

IT 

first value is 4 ; 

.'. ^ + <^ + ^ = 27r, 

or the exterior angles of a triangle are equal to four right angles. 
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It will be seen that the demonstration here given is of the 
nature of that given by Prof. Thomson in the Notes to his Euclid. 

pMore directly 



From these 



C =-1, 



or A + £-hG = ir.] 

Ex. 4. In the figwre of Euclid i. 47 the three lines AL, JBK, 
OF meet m a point. 

Let BO = a, CA = P, AB = y ; the sides being as usual denoted 
by a, hf c. 

Let i be the vector which turns another negatively through a 
right angle in the plane of the paper, so that 

BD^ia, CK^ip, AG = iy, 

If BK, AL meet in 0, 

BO^xBK^x{a + ip), 
and BO=-BA + AO = BA + yBD 

^-y + yia; 

jc (a + 1)8) = - y + yia, 
xSa (a + ip) = - ^Siay, 
Say etc COS B 



a5 = — 



Sa (o + i/3) a* + ctb sin C 



c' 



a'+be' 
and xSaP - ySiafi ; 

b be 

'''^~'c^^¥Tbi' 

4—2 
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whicH being symmetrical in h and c shews that CF, AL intersect 
in the same point in which BK^ AL intersect. 

BO c« 



Cob. Since 



we have 



also 



BK" al'-^bc' 

CO _ V 
OF ^ a^+he' 

AO he ^ 
BD a^-^hc' 

AO BO CO c^^V^hc , 



BD BK GF" a^ + hc 

Ex. 6. If A BCD he a quadrilateral inscribed in a circle ; 
AB=a, BC^p, GD = y, DA^h', 

Let unit vectors along AB, BC, CD, DA be a', j8', •/, ^ ; and 
let the exterior angles at B and DheO and «^ respectively ; then 

a'jSy = (- cos fl + € sin 0) / (21. 1) 

= (cos ^ + c sin <^) y' 

= 8' (25. 1) ; 

therefore, introducing the tensors. 

Conjugate Qua/temiona. 

30, If we designate by q the expression — cos0+ csind, we 
have seen that it may be regarded as a veraor through an angle 6 
in a certain direction. Now if we write - tf in place of fl in this 
expression it assumes the form ~cos0-€sin0, which must on 
the same hypotheses be regarded a versor through the angle $ in 
the contrary direction. 

When the quaternion is completed by the introduction of a 
tensor Tq^ if we retain the same tensor to both forms of the 
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versor, we have Sir "W. Hamilton's conjugaie quaternion defmed 
thus : The conjugate of a quaternion q^ written Kq^ has the same 
tensor, plane and angle as q luus, only the angle is taken in the 
reverse way. 

The analogy between q and Kq is precisely the same as that 
which exists between the two forms 

R (cos ^ + ^ - 1 sin «^) and R (cos ^ — ^ - 1 sin ^) ; 

and as the product of the latter form is ^, so the multiplication 
of the former produces {Tqy. 

If we put q = Sq4 Vq^ 

we shall have Kq = Sq-' Vq, 

and qKq = (Sqy + (TVq)\ 

for (Fg)»=-(rr^)S Art 20. 

It is almost self-evident that, since the change of order of 
multiplication of two vectors produces no other change than that 
of the sign of the vector part of the product (22), 

K{qr) = KrKq, 

g and r occurring in a changed order. 

The following is a demonstration. 

Let q^Tq^-co^O^-a sin 6), 

r = jTr (- cos ^ + )3 sin ^), 

a and ^ being unit vectors ; then 

qr=^TqTr (cos 5 cos <^ — (i sin ^ cos <^ - )3 cos 6 sin <^ 

+ aP sin sin ^), 

ZrZg' = Tj^TV (- cos «j^ - /8 sin «^) (- cos tf - a sin e) 

= TqTr (cos cos ^ + a sin cos ^ + )3 cos sin <^ 

+ )Sa sin sin <^). 

Now observing that fia has the same scalar part with a)3, but 
the vector part with a contrary sign, we see that the two ex- 
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pressiohs for qr and for KrKq likewise have the same scalar 
part, but that their vector parts have contrary signs. 

Hence K (gr) = KrKq. 

(See Tait, § 79 et sq.) 

31. We propose, in this Article, to give and interpret one or 
two formulae, relating to three or more vectors, which are indis- 
pensable to our progress, reserving to a separate Chapter the 
demonstration and application of other formulae, the value of 
which the reader can hardly as yet be expected to understand. 

1. To express S . a)3y geometrically. 

First suppose a, ^, y to be unit vectors 0-4, Oj5, 0(7. 

Let AOB = 0^ and the angle which OC makes with the plane 
A OB = <^ ; then since 

a^ = - cos tf + € sin tf (Art. 21), 
where c is perpendicular to the plane A OB, 

S , a/3y = >S(-cos^ + €sintf)y 
= Sey sin 0, 
Now S^y = — cos . angle between c and y 

= - sin . angle between plane AOB 

and 00 
= -sin«^ j 

,\ S. 0L/3y= — sin tf> sin ft 0' 

Next if a, )8, y are not units, but have re- ^^ 

spectively the lengths Ta, T^, Ty, or a, 6, c; 

we shall have 

S . a)8y = - dbc sin sin ^. 

But ah^m.6 is the area of the parallelogram of which the 
adjacent sides are a, h ; and c sin <^ is the perpendicular from on 
the plane of the parallelogram ; 

= volume of parallelepiped of which three con- 
terminous edges are OA, OB, OC, 
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2. From the nature of the case, no change of order amongst 
the vectors a, P, y can make any change in the value (apart from 
the sign) of the scalar of the product of the three vectors ; for it 
will in every case produce the volume of the same parallelepiped. 

.•. S ,aPy = 'i^S .yaP = ^S.ayP, &c. 
CoR. 1. The volume of the triangular pyramid, of which OA, 
OB, 00 are conterminous edges is ^-^S , afiy. 

Cob. 2. If a, fi, y are in the same plane, ^ = ; 

.-. S.afiy = 0. 

Conversely, if S , a^y = 0, none of the vectors a, j3, y being 
themselves 0, we must have either 6 = or ^ « ; hence in either 
case the three vectors are co-planar. 

3. Since Yap = y (21. 3), a vector perpendicular to the plane 
OAB {^g. of formula 2) ; V^y = a', a vector perpendicular to 
the plane OBC; and since y', a are both perpendicular to OB, 
the line along which is the vector ^ ; OB is perpendicular to the 
plane which passes through y\ a',, and therefore (21. 3) is in the 
direction of Fy'a ; hence 

r(Fa)8F)8y)=Fy'a'-m^, 

or the vector of the product of two resultant vectors, one of the 
constituents of each of which is the same vector, is a multiple of 
that vector. 

4. If OA = a, OB = p, Oi) = 8, OJS=€; and if the planes 
OAB, ODE intersect in OP; it follows, as in (3), that, Vap and 
FiSc being both perpendicular to OP, 

V{ValBV8€) is along OF and is therefore =nOF. 

5. Connection between the repreaeTUation of the position of a 
point hy a vector and its representation by Cartesia/n co-ordinates. 

If X, y, % be the perpendicular distances of a point F in space 
from the planes of yz, %x, xy respectively (fig. of Art. 16); % j, h 
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luiit vectors in the directions of x, y, z; then xi is the vector of 
which the line is x (Art. 3) ; consequently OM along Ox^ MK 
parallel to Oy and NF parallel to Oz^ being x^y^z^A co-ordinates, 
they are a^ ^\ «^ as vectors. 

Now vector OP = OM^ MN-k- NP, 

and is therefore p = xi'\-yj-\-tk. 

The same method of representation is evidently applicable 
when the planes of reference are not mutually at right angles. 
If Xy y, z be the co-ordinates of P referred to oblique co-ordinates; 
o, Pj y unit vectors parallel respectively to a, y, « ; then 

vector OP^xa + yP + zy, 

CoR. When x, y, a are at right angles to one another 

p=^oci-^jff +zk 
gives Sip = -Xf Sjp^-y, Skp^-z; 

= OP". 

Ex. To find the volume of the pyra/mid of which the vertex is 
a given point and the base the triangle formed by joining three 
given points in the rectangvlar co-ordinate axes. 

Let A, B,G hQ the three given points ; 

line 0-4 =a, OB = b, 00 = c', 
Xy y, z the co-ordinates of the given point P, 
then vector OA = aiy OB = bj, 00 = ck; 

and OP=od + yj'\-zk; 

.-. PA = OA-OP=-{{x-a)i-{-^ + zk}y 
PB = -{Qd+{y-b)j-\-zk}y 
PC='-{oci + yj+(z-c)Ic}. 



M 
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Now the volume of the pyramid PABG is 

-^S (PA . FB . PC) (31. 2. Cor. 1) 
= — ^ aS^. {(as — a) i + 3(; + «A;} {asi + (y - h)j + «^} {a?i + y6 + (» - c) k}. 

Multiplying out and observing that only terms which involve 
all of the three vectors t, j, k produce a scalar in the product, 
we get 

(+ or -) Yol. = - ^ {(a? - a) (b^ + cy — be) -cosy — bxz} 



6 Kd h c J 



The sign of the result will of course depend on the position 
of P. 



Additional Examples to Chap. III. 

1. If in the figure of Euclid l 47 DF, GH, KE be joined, 
the sum of the squares of the joining lines is three times the sum 
of the squares of the sides of the triangle. 

The same is true whatever be the angle A, 

2. Prove that 

4:AD^ (Art. 7, Ex. 4) = 2 {AB" + AG^- BC. 

3. If F, Q, R, S be points in the sides AB, BC, CJD, DA of 
a rectangle, such that PQ = PS, prove that 

AP' + OS' ^ AQ' + CP'. 

4. The sum of the squares of the three sides of a triangle is 
equal to three times the sum of the squares of the lines drawn 
from the angles to the mean point of the triangle. 
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5. In any quadrilateral, the product of the two diagonals and 
the cosine of their contained angle is equal to the sum or difference 
of the two corresponding products for the pairs of opposite sides. 

6. If a, b, c be three conterminous edges of a rectangular 
parallelepiped ; prove that four times the square of the area of 
the triangle which joins their extremities is 

7. If two pairs of opposite edges of a tetrahedron be respect- 
ively at right angles, the third pair will be also at right angles. 

8. Given that each edge of a tetrahedron is equal to the edge 
opposite to it. Prove that the lines which join the points of 
bisection of opposite edges are at right angles to those edges. 

9. If from the vertex of a tetrahedron OABC the straight 
line OD be drawn to the base making equal angles with the 
faces OAB, OAC, OBG ; prove that the triangles OAB, GAG, OBG 
are to one another as the triangles BAB, DAG, DBG. 



CHAPTER IV. 



THE STBAIQHT LINE AND PLANE. 




32. Equations of a straight line. 

1. Let )3 be a vector (unit or otherwise) parallel to or along 
the straight line; a the vector to a given p 
point A in the line, p that to any point what- "" 
ever F in the line, starting from the same 
origin ; then ^P is a vector parallel to )8 " 

= xp, say, 

and OF=OA + AF 

gives p = a + xP{l) 

as the equation of the line. 

2. Another form in which the equation of a straight line 
may be expressed is this : let OA = a, OB = j3 be the vectors to 
two given points in the line ; then 

AB = P-aa,iidAF = x{l3-a); 

.-. p = a + aj()3-a) (2). 

Of course the /3 of No. 2 is not that of No. 1. The first form 
of the equation supposes the direction of the line and the position 
of one point in it to be given, the second form supposes two points 
in it to be given. 

3. A third form may be exhibited in which the perpendicular 
on the line from the origin is given. 
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Let OD perpendicular to -4P = 8; then 

2>P = p-8and^8(p-8) = 0, 
because OD is perpendicular to AP (22. 7) ; 

i.e. aS^8p = C (3), 
where C is a constant. 

{Note, In addition to this we must have the equation of the 
plane of the paper, in which p is tacitly supposed to lie. This 
may be written as S^p = 0.) 

33, Equation of a plane. 

Let P be any point in the plane, OD perpendicular to the 
plane ; and let 

Oi> = 8, OP = p; 
then p^S = DP, 

which is in a direction perpendicular to OD ; 

.'. SB{p-'i) = Oy 

or SBp = S', 
or;S'^ = l. 

Cob. 1. If SSp=^G be the equation of a plane, 8 is a vector 
in the direction perpendicular to the plane. 

CoR. 2. If the plane pass through 0, p can have the value zero, 

.'. SBp = is the equation. 

Cor. 3. Since a vector can be drawn in the plane through 2>, 
parallel to any given vector in or parallel to the plane ; if j8 be 
any vector in or parallel to the plane, SSp = 0. 

34, We proceed to exhibit certain modifications of the 
equations of a straight line and plane, and one or two results 
immediately deducible from the forms of those equations. 

1. To find the equation of a straight line which is perpen- 
dicular to each of two given straight lines. 

Let p, y be vectors from a given point A in the required line, 
and parallel respectively to the given lines. 



J 



ART. 34.] THE STRAIGHT LINE AND PLANE. 61 

If Oii = a as before, then since (22. 8) VPy is a vector along 
the line whose equation is required ; we have 

as the equation of the line. 

2. To find the length of the perpendicular from the origin on 
a given line. 

Equation (1) of Art. 32 is 

p = a + a;^. 

If now p = 02> = 8; 

we get Si* = ^8a, 

or -02)' = *S'Sa; 

Uh being the unit vector perpendicular to the line. 
Cob. The same result is true of a plane. 

3. To find the length of the perpendicular from a given point 
on a given plane. 

Let Sap = (7 be the equation of the plane, y the vector to the 
given point. 

Then if the vector perpendicular be xa (33. Cor. 1), 

p — y + ica 
gives ^ay + ica" = C, 

and the vector perpendicular is 

aja = + a"*((7-^ay); 

the square of which with a - sign is the square of the perpendi- 
cular. 

4. To find the length of the common perpendicular to each 
of two given straight lines. 
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Let p, p^ be unit vectors along the lines; a, a^ vectors to 
given points in the lines ; 

p = a + xp, 

the vectors to the extremities of the common perpendicular S. 

Then since 3 is perpendicular to both lines, it is perpendicular 
to the plane which passes through two straight lines drawn pa- 
rallel to them through a given point ; 

.-. (21. 3)8 = yF^ft. 

But 8 = p-pj = a + a:^-aj- x^ , 

hence S. h/SP.^S. {a-a,)l3p,i 

ie. S{yVI3p,.m-S.(a^a,)fifi,, 

because SV^p^Spp^ = ; 

•'^- (vpp,Y ' 

whence 8 = y VPP^ is known. 

5. To find the equation of a plane which passes through three 
given points. 

Let a, )9, y be the vectors of the points. 

Then p — oL, a- p, P — y are in the same plane. 

.-. (Art. 31. 2. Cor. 2) S. (p-a)(a-^)(j5-y) = 0, 
or Sp{raP+ Vpy+ Vya)-'S. aj8y = 

is the equation required. 

Cor. Vap + VPy + Fya is a vector in the direction perpen- 
dicular to the plane; therefore (No. 3) the perpendicular vector 
from the origin 

^S.apy.{Vap+VPy+Vya)-\ 

6. To find the equation of a plane which shall pass through 
a given point and be parallel to each of two given straight lines. 
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Let y be the vector to the given point, p « a + ajjS, p = a^ + x^P^ 
the lines ; then if lines be drawn in the required plane parallel to 
each of the given straight lines — ^these lines as vectors will be 
P, P^ : also f) — y is a vector line in the plane ; 

••• S.fil3^{p-y) = (31. 2. Cor. 2), 

which is the equation required. 

7. To find the equation of a plane which shall pass through 
two given points and be perpendicular to a given plane. 

Let a, p be the vectors to the given points, SSp = the equa- 
tion of the plane ; then the three lines p — a, a — /B, 8 are vectors 
in the plane ; 

.-. /S'.(p-a)(a-^)8 = 0, 

or S.p{a''p)S + S.ap^==0. 

8. To find the condition that /our points shaU he in the same 
plane. 

1. Let OA, OB, 00, OB or a, p, y, 8 be the vectors to the 
four points ; then 8 — a, 8 — ^, 8 — y are vectors in the same plane ; 

... ;S'.(8-a)(8-j8)(8-y)-0(31. 2. Oor. 2), 
or S . SPy-hS . aSy + S . al38 = S . afiy (1). 

2. Another form of the condition is to be obtained by as- 
suming that 

cf8 + cy + 5j8 + aa = (2), 

and substituting in equation (1) the value of 8 deduced from 
this equation. The result is 

or a + b + c-¥d = (3). 

Equation (1), or the concurrence of equations (2) and (3) is the 
condition necessary and sufficient for coplanarity. 

9. To find the line of intersection of two planes through the 
origin. 



64 QUATERNIONS. [CHAP. |V. 

Let Sap = 0, SI3p = be the planes. 

Since every line in the one plane is perpendicular to a ; and 
every line in the other perpendicular to fi; the line required is 
perpendicular to both a and fi, and is therefore parallel to Va^, 
or p = xVaP is the equation. 

10. The equation of the plane which passes through and 
the line of intersection of the planes Sap = a, Sfip = 6 is 

^p(aj8-6a) = 0. 

For 1® it is a plane through ; 2® if p be such that Sap = a, 
then must S^p = 6. 

11. To find the equation of the line of intersection of the two 
planes. 

Let p = ma + np + xVap 

be the equation required. 

Then Sap = ma' + nSafi = a, 

since Vafi is perpendicular to a, and similarly 

••*^-a«iS--(^ai8)»" {Vapy (Art. JJ. 9), 



n 



_ aSap-ba' aSafi-W 



(Sapy-a'^ (Vapy ' 

35* We offer a few simple example& 

Ex. 1. To find the locus of the middle points of dU straight 
lines which a/re terminated by two given straight lines* 

Let AP^ BQ be the two given straight 
lines, unit vectors parallel to which are P^yl 
AB the line which is perpendicular to both 
AP, BQ. 

Let be the middle point of AB] vector 
OA ^a] R the middle point of any line PQ^ 
vector OR = p ; then 
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OF=p + RP=^a + xp, 

But BP-hJiQ = 0; 

hence, since Safi = 0, Say = 0, 

Sap = is the equation required ; and the locus is a plane passing 
through (33. Cor. 2), and perpendicular to OA (33. Cor. 1). 

Note that, if fi \\ y, we have simply 

2p=:x'p; 

and, as there is now but one scalar indeterminate, the locus is a 
straight Ivm instead of a plavie. 

Ex. 2. Flcmea cut off, from the tliree rectangular co-ordinate 
axes, pyra/ndd8 of equal volume^ to fiiid the locus of the feet of per- 
pendiculars on the/n/rom the origin. 

Here the axes are given, so that i^j, k are known unit vectors. 

Let ai, hj, ck be the portions cut off from the axes by a plane, 
the perpendicular on which from the origin is p. 

Then p — at is perpendicular to p ; 

.'. *Sp(p — az) = 0, 
or p' = aSip. 

Similarly, p* = bSjp, 

p' = cSkp. 

Hence p* = a>bc Sip SJp Skp 

^CSipSjpSkp, 

since aibc is by the problem constant. 

If X, y, z be the co-ordinates of p tJiis equation gives at once 

as the equation required. 

T. Q. 5 
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Ex. 3. To find the locus of the middle points of straight lines « 
termvnOted by two given straight lines and all parallel to a given 
plane, 

Ketaining the figure and notation of Ex. 1, let 8 be the yector 
perpendicular to the given plane : we have 

2©P=2a + a;j3-yy, 
Now SSQF=0 (33. Cor. 3) ; 

.-. /S8{2a + a:^-yy) = 0; 
2SaS SpS 

and 2p = xp + -^y^x^y 

where a= ^ , o = -~^ are constants; {Syo for instance is the 

negative of the cosine of the angle between one of the given lines 
and the perpendicular to the given plane). 

Now p + byia 9k known vector lying between fi and y ; call it 
c, and 2p — ay + gc€ is the equation required; which is that of a 
btraight line, not generally passing through (32. 1). 

Ex. 4. OAy OB are ttoo fixed lines, which are cut by linns 
ABy A'S so that, the area AOB is constant; and also the prodv^t 
OA, OA' constant. It is required to find the locus of the intersec- 
turns ofAB, A'S. 

Let the unit vectors along OA, OB be a, ^ respectively* 

Oul = «ia, OA* — ma, 
OB^n^, OB = n'p) 
then the conditions of the problem are 

mn szTtin = C, 
fnm* = a. 
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Now if ABf A'B' intersect in P, and OP=Pf we have 

p^OA-^AF 

= ma + a; {nfi - mo), 
p = OA'-hA'F 

= m'a + «' (n'j3 — m'a) ; 
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and 



Hence 



or p = ma + 



p = m'a + a:'r— ,^-m'oj; 



.'. m- 


-flcm 


=m'^x'm\ 




X 

m~ 


a/ 
m" 




05 = 


m 




m + m 




r= 


m« 




m'-^a* 


1 


^fK^ 


a 


mf ^~ 


m'-^a* 


r1 ^^ 


m 


//»>. j_ /7/y 



and the locos required is a straight line, the diagonal of the 
parallelogram whose sides are aa, Cp, 

Ex. 5. To find the locus of a point 8tush that tlis ratio o/its 
distances /rom a given point amd a given straight line is constant — 
all in one plane. 

Let S be the given point, DQ the given 
straight line, SF=ePQ the given relation. 

Let vector^2) = a, ^P = p, i>§ = yy, 
y being the unit vector along DQ^ 

FQ^xa; 

then Tp = eT (FQ), 

5—2 




68 QUATERNIONS. [CHAP. IV. 

gives p* = e'PC", where PQ is a vector, 

= e« («a)« 

But p^XQ.=-SQ-=SD^DQ 

.•. 5ap + aja* = a*, for #Say = 0; 

and a*a* = (a* — Sap)* ; 

hence a'p' = e" (a* — SapY, 

a surface of the second order, whose intersection with the plane 
S, ayp = is the required locus. 

Ex. 6. The same problem when the poirUe cmd line are not in 
the sa/me plcme, 

Ketaining the same figure and notation, we see that PQ is no 
longer a multiple of a ; but 

PQ = SQ--SP 
= a + yy-p; 
.-. p" = e"(a + yy-p)", 
and because PQ is perpendicular to DQ 

A9y(a + yy-p) = 0j 
.-. (y/, i.e.)-y = 5yp,; 
and p* = e* (a - y^yp - p)\ 

a surface of the second order. 

Cor. If e = 1, and the surface be cut by a plane perpendicular 
to DQ whose equation is Syp = c, the equation of the section is 

a" + c"-2^ap = 0, 

another plane, so that the section is a straight line. 

Ex. 7. To find the locus of the middle poitUs qfUnes of given 
length terminated by each of two given straight lines. 
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Betaming the figure and notation of Ex. 1^ and calling RP c, 
we have 

2p = a:/J + yy (1), 

and 22?P=i?P--«©=2o+aj/3-yy (2). 

From equation (1) we have 

^op = (22. 7), 
2SPp = -x-hySPy, 
because ^ is a unit vector, 

2Syp=:xSpy-y. 

The first of these three equations shews that p lies in a plane 
through perpendicular to AB (33. Cor. 2). 

The second and third equations give 

2(SPp+SPySyp) 
^- (^)87)--l ' 

2(Syp-^SPySI3p) 
2'- (^'^y)'-l • 
Now (2) gives, by squaring, 

- 4c* = 4a* + aj'/S* + 3/*/ - 2ay ^)Sy, 
in which, if the values of x and y just obtained be substituted, 
there results an equation of the second order in p. 

Hence the locus required is a plane curve of the second order, 
or a conic section, which by the very nature of the problem must 
be finite in extent and therefore an ellipsa 

Ex. 8. If a plane be draton through the points of bisection of 
two opposite edges of a tetrahedron ii will bisect the tetrahedron. 

Let i>, jf be the middle points of OB, 
AG : DFEO the cutting plane : OA, OB, 
00 = a, ^, y respectively. 

06^ = wy, Ji?'=w(^-tt). 

The portion ODGEA consists of three 
tetrahedra whose common vertex is 0, and 
bases the triangles AEF, EFG, FGD, 

Now 0^=^(y + a), 
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and 6 times the volnme cut off 

^ S . a ^{a + y){a + n{fi ^a)} 

+ ^.^(a + y)»iy{a + «08-o)} 

+ S.{a-\-n(fi"a)}my'sfi (31.2 Cor. 1) 

= ^ {» + WW* + (1 - n) m} <S . ayP • 

= ^(n + fii)/S.ay)8. 

But since j^, &, 2), ^ are in one plane, and 

2«i (1 - n) 0^ - (1 - n) OG^ + 2mnO/> - mOJ^= 0, 
we must liave (34. 8) 

2m (1 — n) - (1 - w) + 2mn — j» = ; 
.'. f» + n = l ; 

and 6 times the whole volume cut off 

Jit 

\ 
1 

= ^ of 6 times the whole volume, 

hence ihe plane bisects the tetrahedron. 

Cob. The plane cuts other two edges at F and G^ so that 

AF^ OG 
AB "*" 00 
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Additional Examples to Chap. IV. 

1. Straight lines are drawn terminated hy two given straight 
lineSy to find the locus of a point in them whose distances from 
the extremities have a given ratio. 

2. Two lines and a point S are given, not in one plane ; find 
the locus of a point F such that a perpendicular from it on one 
of the given lines intersects the other, and the portion of the 
perpendicular between the point of section and F bears to SF 
a constant ratio. Prove that the locus of P is a surface of the 
second order. 

3. Prove that the section of this surface by a plane perpen- 
dicular to the line to which the generating lines are drawn perpen- 
dicular is a circle. 

4. Prove that the locus of a point whose distances from two 
given straight lines have a constant ratio is a surface of the second 
order, 

5. A straight line moves parallel to a fixed plane and is ter- 
minated by two given straight lines not in one plane ; find the 
locus of the point which divides the line into parts which have 
a constant ratio. 

6. Required the locus of a point F such that the sum of the 
projections of OF on OA and OB is constant. 

7. If the sum of the perpendiculars on two given planes from 
the point A is the same as the sum of the perpendiculara from £, 
this sura is the same for every point in the line AB. 

8. If the sum of the perpendiculars on two given planes from 
each of three points A,B, C (not in the same straight line) be the 
same, this sum will remain the same for every point in the plane 
ABC. 

9. A solid angle is contained by four plane angles. Through 
a given point in one of the edges to draw a plane so that the sec- 
tion shall be a parallelogram. 
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10. Through each of the edges of a tetrahedron a plane is 
drawn perpendicular to the opposite face. Prove that these planes 
pass through the same straight line. 

11. ABG is a triangle formed bj joining points in the rect- 
angular co-ordinates OAy OB, OG; OD is perpendicular to ABC. 
Prove that the triangle A0B\a9k mean proportional between the 
triangles ABC, ABD. 

12. VapVpp + ( Va^y = is the equation of a hyperbola in p, 
the asymptotes being parallel to a, p. 



CHAPTER V. 



THE CIBCLE AND SPHERE. 




36. Mquation8 of the circle. 

Let AD be the diameter of the circle, 
centre (7, radius ^a^P any point. 

If vector C7i> = a, CP=^^y 
we have p* = — a" (1). ^ 

If however AF = p, 

CP=p-o, 
\ve have (p-a)' = -a' (2). 

If be any point, 

OP=ft OC = y, CP = p-y, 

we have (p-y)'^"^* 

These are the three forms of the vector equation. 
Form (2) may be written 

p*-25ap = 0. 
. If OC = c, form (3) may be written 

p*-2^yp = c'-a*. 

Examples. 

37. Ex. 1. The angle in a semicircle is a right angle. 

Taking the seccmd form 

p'-2S'ap = 0, 
we may again write it 

^p(p-2o) = 0; 



(3). 
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therefore p, p — 2a are vectors at right angles to one another. 
Butp-2oisZ>P; 

.*. DBA is a right angle, 

Ex. 2. If through any point wUhin or without a circle^ a 
straight line be dravni cuMing the circle in the points P, Q, the pro- 
duct OP . OQ is always the sarnefor thcU point. 

The third form of the equation may be written 

{TpY + 2TpSyUp + c* - a" = 0, 

which shews that Tp has two values corresponding to each value 
of Upf the product of which is c* — a'. Therefore, &c. 

Ex. 3. If two circles cut one another^ the straight lirtc wlUch 
joins the points o/ section is perpendicular to the straight line whic^i 
joins the centres* 

Let Oy C be the centres, P, Q the points of section ; 

vector OG=^a'y a, b the radii; 

then (as vectors) 

OF'^-a', 

(0P-a)« = ~6'; 

.'. SaOP= C, a constant. 

Similarly, SaOQ = (7, the same constant ; 

.% &(Oe-.OP)-0, 

or SaPQ = 0, 

ie. FQ is at right angles to OC. 

Ex. 4. is ajixed pointy AB a given straight line, A point Q 
is taken in the line OF drawn to a point F in AB^ such tliat 

OF.OQ = k'; 
to find the locus of Q, 

Let OA perpendicular to AB be a, vector a ; 

OQ = py OF^xp] 
then T{OF.OQ) = k% 

or xp' = — k\ 
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But Sa{xp^a) = 0; 

.', xSap^ — a'; 

hence P* = ~t ^^ 

is the equation of the locus of Q^ which is therefore a circle, 
passing through 0, 

Ex. 5. Straight lines a/re drawn through a fixed point, to find 
the locus of the feet of perperuiicuUvrs on them from cmother faced 
point. 

Let Oy A be the points, the lines being drawn through A. 
Let OA = a, and let p = a + fls)3 be the equation of one of the lines 
through A, 8 the perpendicular on it from 0. 

Then 8 = a + aj)8, 

and S^ = SaS, 

because 8 is perpendicular to P ; 

Le. 8*-/Sa8 = 0, 
the equation of a circle whose diameter is OA. 

Ex. 6. A chord QR is drawn paraMel to the diameter AB of 
a circle : P is amy point in AB ; to prove that 

FQ' -^ FIP = PA' -h FB\ 

Let CQ = p, CE = p% PG = a; 

then PQ' = - (vector FQY 

= -(o + p)'«-(a" + 2/yap+p"), 
FE'=:'{a-hpy (a» + 2^ap' + p"); 

.-. PQ' + FB' = 2PC' + 2AC'^2{Sap + Sapy 
But ^(p + p')(p-p') = and p-p' = a», 

because QR is parallel to AB ; 

.; Sap + Sap' = 0, 
and PQ' + PR' = 2PC' + 2AC. 

=:PA' + PB'. 
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Ex. 7. If three given circles he ciU by any other circle, the 
chorda of section will form a triangle, the loci of the angular povrUs 
of which are three straight lines respectively perpendicular to the 
lines which join tl^e centres of tike given circles ; and these three 
lines meet in a point. 

Let A, B, C he the centres of the three given circles ; a, &, c 
their radii; a, ft y the vectors to A, B, C from the origin 0; 
OAf OB, OC respectively p, g, r; D the centre of the cutting 
circle whose radius is B, OD = «, vector OD = 8, p the vector to 
a point of section of circle D with circle A ; then we shall have 

(p-a)' = -a-, (p-8)' = -i2-, 

and .-. 2/Sf(8-a)p = ^*-a"-««+i>'. 

Now this is satisfied by the values of p to both points of sec- 
tion; and being the equation of a straight line (32. 3) is the 
equation of the line joining the points of section of circle D with 
circle A — call it line 1, and so of the others; then 

line 1 is 2AS(8-a)p =^-a«-«»+i?", 

line 2 is 2;S'(8-)3)p' = J?'-6"-«' + ^, 

line 3 is 2AS'(8-y)p" = i2'-c»-«' + r*. 

If 1 and 2 intersect in P whose vector is p,, 1 and 3 in Q (p^; 
2 and 3 in J? {p^, we shall have by subtraction 

atP, 2>S^(a-j8)p, = o'-6'-p* + g'; 

ate, 2^(y-o)p, = -a*+c"+y-r"; 

ati?, 2AS'(j8-7)p, = 6"-c*-5* + r*; 

therefore (32. 3) the loci of P, Q, B are straight Hues, perpen- 
dicular respectively to AB, AG, BC. 

Also at the point of intersection of the first and third of these 
lines, we have, by addition, 

2AS(a-y)p = a"-c*-i?« + r», 

which is satisfied by the second : hence the three loci meet in a 
point. 
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Ex. 8. To find the equation of the cirsoid, 

AQ is a chord in a circle whose diameter \b AB^ QN perpen- 
dicular to AB, 

AM is taken equal to BN^ and MP is drawn perpendicular 
to AB to meet AQ in P\ the locus of jP is the ciJasoid. 

Let vector -iP = x, AC = a^ AM=^ya^ AQ^xk] 

then y : 1 :: 2 - y : a^ by the construction ; 

2 
^ \+x 

Now «*ir" - 2«^air = 

is the equation of the circle ; 

2^a» 



x^ 



IT* 



Also it^AM-irMP 

.% Sair = ya', 

Sair 



a' ' 



hence 



/, 2Sa7r\ Saw „ 

and (ir* + 2#Sfcir) Saw = 2a V, 

is the equation required. 

Ex. 9. If ABGD is a parcUIelogram, and if a circle he de- 
scribed passing through the point A, and cutting the sides AB, AC 
and the diagonal AD in the points F, G, H respectively ; then the 
rectangle AD . AH is equal to the sum of the rectangles AB . AF^ 
and AG. AG. 

Let AB^a, AG = p, AD^y 

= a^p; 
AF=^xa, AG=yp,,AH=zy', 
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the vector diameter of the circle; then 

whence, 'since y = o + ^, 

«/ = aki* + y)8* ; 
Le. AD.AH^AB.AF+AC.AG, 

Ex. 10. WhcU iff represented hy the equoHon 

If a, j3 be not at rii^ht angles to one another, we can put 
a, + efi for a, and so choose e that aSW^^S = 0. 

We shall therefore consider a, /9 as vectors at right angles 
to each other, and we may, on account of x, assume their tensors 
equal, and each a unit. 



Hence 



_ a + xfi _ o + ajS 



or, if sin = 



^/l+«'' 

X 



vl+»* 

p = - sin (asin + ^cos 0), 
whence Tp (= r) = sin 6, 

a circle of which the diameter is a unit parallel to a and the 
origin a point in the circumference; and fi a tangent vector at 
the origin. 

Othenoiee, Sap = -= — ~j , 

X T XT 

.-. (iSap)' + (Sfipy = Sap, 
m —p* IS Sap. 
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Or, again, p'^^a + xfi; 

whence Sap" * = — 1 , 

or F^S (p"* - a) = 0, 

or U ^^^ h 

where U stands for the versor of the quaternion ; 
all of these being, with the obvious condition S. a/ip = 0, varieties 
of the form of the equation of a circle, referred to a point in the 
circumference, the diameter through which is parallel to a. 

Draw any two radii p and p^y then we have 

S. Up''U(pC'-p") = 8.Up''U^-^f^-^^ 

PiP 

= SMp-'U^iiP^. 

PxP 

Now ^' ^^ 7 a ^ '^i^ ^® rendered a unit if we take a unit 
PiP 

vector along each of the three vectors p^, (p - p^), and p ; 

.-. S. Up''U{p-''-p") = S.Up-"Up^U{p^p,)Up 

=S.UpJI(p-p^). 

But p^"-p''-{^i-^)P; 

.-. u{pr-p-')=p. 

and S. Up-"U{p-' -p-') = S^Up^' — SpUp, 

Hence S.UpJI{p- p J ^-SfiUp. 

If p be constant whilst p^ varies, the right-hand side of this 
equation is constant, and the equation shews that the angles in 
the same segment of a circle are equal to one another. 

Further, the form of the right-hand side of the equation, viz. 
—SpUpy shews that the angle in the segment is equal to the sup- 
plement of the angle between the chord (p) and the tangent (fi). 

38. To draw a tangent to a circle. 

1. If we assume the first form of the equation, the centre 
being the origin, and assume also that the tangent is at right 
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angles to the radius drawn to the point of contact ; we shall have, 
denoting b j ir a vector to a point in the tangent, 

^p(ir-p) = 0, 

forir - p is along the tangent ; 

is the equation required. 

2. Without assuming the property of the tangent, we may 
obtain it as follows. 

Let p' be a point in the circle near to P ; then 

from the equation ; 

Le. /y(p' + p)(p'-p) = 0. 

But p' + p is the vector which bisects the angle between the 
vectors to the points of section, and p' — p is a vector along the 
secant 

"Now the equation shews (22. 7) that the former of these lines 
is perpendicular to the latter. 

As the points of section approach one another, the tangent 
approaches the secant, and the bisecting line approaches the radius 
to the point of contact : therefore the radius to the point of 
contact is perpendicular to the tangent. 

39. ]^rom a point without a circle two tangents are drawn 
to the circle, to find the equation of the chord of contact. 

Let p be the vector to the given 
point, 

Strp = - o* 

the equation of a tangent; then since 
it passes through the given point 

Spp=-a: 

Now this equation is satisfied for both points of contact, and 
since it is the equation of a straight line (32. 3) it must be satis- 
fied for every point in the straight line which passes through those 
points : it is therefore the equation of the chord of contact To 
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i 

avoid the appearance of limifcing p to a point in the circle, we may 
write o- in place of p ; and the equation of the chord of contact 
becomes 



Examples. 

40. ^^ 1* Jy chords be drawn through a given pointy and 
ta/ngents he drawn at the points of section, the corresponding pairs 
of tangents will intersect in a straight line. 

Let y be the vector to the given point Gy the centre C being 
the origin ; /S the vector to 0, the point of intersection of two 
tangents at the extremities of a chord through G ; then the equa- 
tion of the chord of contact is (39) 

and as the chord passes through G we have 

which, since y is a constant vector, is the equation of a straight 
line, the locus of j3. ^ 

Cob. 1. The straight line is at right angles to CG (32. 3). 

CoR. 2. The converse is obviously true, that if through points 
in a straight line pairs of tangents be drawn to a circle, the chords 
of contact all pass through the same point. 

Ex. 2. Any chord drawn from the point of intersection of 
two tangents, is cut JuirmonicoMy hy the circle and the chord of 
contact. 

Let radius = a, OG=c, OB=p, OS=q, vector 0(7= a, unit 
vector OE = p; then 

(ppy-2pSap = c''-a^ 

is the equation of the circle ; 

he, p' + 2pSap + c® - a' = 0, 

T. Q. 6 
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a quadratic eqaation which gives 
the two values of ^^ viz. OE and 
OT; 

J_ J__ 2Sap 

But qp = OS=Oy-^NS, 
Saqp = SaON', 

i.e. qSap^Sa{OG-NC) 

= -c« + a«(39); 

A-? 
OS''q 

2Sap 
1 1 




hence 



OH OT' 

Ex. 3. If tomgenU he dravm aJt the angular paints of a triangle 
inscribed in a circle^ the interaeetions of these tangents vnth the 
opposite sides of the triangle lie in a straight line. 




Let radiufl = o, OA = a^ OB^p, OC = y, then 
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Similarly, 



Bat a is perpendicular to AF ; 

a' + Safi 
^~ Say-Sap' 

and pp_ (a'+^ay)ff-(a'-f^a^)y 

(a'4-^a)9)y-(a' + ^ffy)a 

^^_ (a' + .yffy)a-(a'.f>yay)ff ^ 
/bfySy — /S'ay 

Hence (fi'ay - Safi) OF + (^a)8 - Spy) OQ 

+ {Spy--Say)OE==0, 

whilst (.Siy - Sap) + (.S'a^S - SPy) + (^JSy - A^ay) = 0. 

Consequently (Art. 13) P, Q, i? are in the same straight line. 

Cob. FQ : FB :: Spy-Say :: SPy-Sap 

:: cos 2jI? - cos 2^ : cos 2(7 -cos 2^ 
:: sin C sin (-ff - ul) : sin B em {G— A). 

Ex. 4. AJiced circle is cut hy a number ofdrcUsy all of which 
pa88 through two given points; to prove that the lines of section of 
the fixed circle with each circle of the series aU pass through a point 
whose distances from the two given points are j/roportumal to the 
squares of the tangents drawn front those points to the fixed circle. 

Let be the centre of the 
fixed circle whose radius is a, 
A, B the given points, vectors 
a, Py the origin being ] OA = 5, 
OB — Cy C the centre of a circle 
which passes through A and B^ 
radius r ; OG = p, ir the vector to 
any point in the circumference of 
this circle; then the equation of 
the circle is («•— f))*=-r'; 

6—2 




J 



•# 
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hence for tlie four points A^ B^ P^ Q, we have 

o*-2iSap + p* = -r', 

From which it follows that 

. S{OP-OQ)p = Q (1), 

-6' + c' = a'-/5» = 25(a-i8)p (2), 

2-S(OP-a)p=Oi»-a» = -o* + 6* (3), 

Let QP, AB intereect in R, OR = o- ; then 

SiTp = S{OP + x {OP - OQ)) p 
= S.OPphj{l), 
and S<Tp='S{a + y(a-fi)}p 

.-. y(-b' + (^) = 2S<rp-2S<ip 

= 2S{0P-a)p 
— o' + 6'by(3), 

i.e. y is independent of p and r; or it is the same point for 
every circle : 

also ^^Jo'-aV-(6'-«')ff 

c -6* 

and EA : E£ :: a-OE : )S-Oi? :: 6"-a" : c«-o« 

:: AT' : BU\ 

41, The Sphere, 

1. It is clear that there is nothing in the demonstration of 
Art. 36 which limits the conclusions to one plane ; it follows that 
the equations there obtained are also equations of a sphere. 

2. Further if we assume that the tangent plane to a sphere 
is perpendicular to the radius to the point of contact^ the con- 
clusion in Art. 38 is applicable also. 
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The equation of the tangent plane to the sphere is therefore 

Svp = — a*. 

3. Lastly, the results of Art. 39 are also applicable if we 
substitute any number of tangent planes passing through a given 
point for two tangent lines; the equation of the plane which 
passes through the points of contact is therefore 

This plane is the polar plane to the point through which the 
tangent planes pass. 

Cob. Since the polar plane is perpendicular to the line which 
joins the centre with the point through which the tangent planes 
pass, the perpendicular GJ) to it from the centre is along this 
line and has therefore the same unit rector with it. The equa- 
tion above gives in this case 

S{CO.CJD{Upy} = -a'; 
.-. GO. CD =^ a'- {19). 

Examples. 

42. Ex. 1. ^very section of a sphere made by a plcme is 
a cvrde. 

Let p^ = --a' be the equation of the sphere, a the vector per- 
pendicular from the centre on the cutting plane; c the correspond- 
ing line. 

Let p = a + IT ; 

then the equation becomes 

But &«• = ; 

.-. ir» = -(a«-c») 
is the equation of the section, which is therefore a circle, the square 
of whose radius is a* - c'. 

Ex. 2. To find the curve of vniersection of two spheres. 
Let the equations be 

p'-2Sap = G, 

p»-2^a>=C"; 
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.-. 25'(a'-o)p=(7-C", 

a plane perpendicular to the line of wMch the vector is a'— a, 
L e. to the line which joins the centres of the two spheres. 

Hence, by Ex. 1, the curve of intersection is a circle. 

Ex. 3. To find the locus of the feet of perpendicvlam from the 
origin on pUmea which pass through a given point. 

Let a be the vector to the point, 8 perpendicular on a plane 
through it ; then 

is the equation of that plane ; therefore for the foot of the per- 
pendicular 

^(S*-a8)=0; 

or 8*-iS'a8 = 

is true for the foot of eveiy perpendicular and is therefore the 
equation of the sur&ce required. Hence it is a sphere whose 
diameter is the line joining the origin with the given point. 

Ex. 4. Perpendiculars a/re drawn from a point on the surface 
of a sphere to all tangent planes^ to find the loctis of their extremi- 
ties. 

Let a be the vector to the given point, 

Svp = — a" 

the equation of a tangent plane. 

Since the perpendicular is parallel to p, its vector is 

ir = a + xp; 
.'. (ir-o)' = ««p« = a'a" 
— afa'; 
because both p and a are vector radii. 

But Sirp = — a* gives with ap = ir - a, 

&r (ir - a) = — a'x^. 
{g^^Sairy^a'a^ 

= — o* X — a V 
= -a'(ir-a)'. 



ART. 42.] THE CIBCLE AND SPHERE. 87 

Ex. 5. If the povnisfrom which tangent pl<me» aare droAJon to 
a sphere lie alwaye in a straight line, prove that the planes o/ sec- 
tion aUpass through a given point. 

Let CB be perpendicular to the line in which the point p 
lies (41)^ see fig. of Art 39, 

CJS=c, vector C^«8; 

then 5188 = -c» 

is the equation of the line. 

But Sp<r = -a' 

is the plane of contact, which is therefore satisfied by 



a' 



cr = -.8, 
L e. the planes all pass through a point 6 in CE, such that 

c' 
or CE.CG=-a\ 

Ex. 6. 1/ three spheres intersect one another, their three planes 
qf intersection aUpass through the same straight line. 

Let a, )3, y be the vectors to the centres of the three spheres^^ 

p* - 2Sap = a, 
P*-2aS')3p = 6, 

their three equations ; 

.-. 2S{a-p)p = b-a, 
2S{a-'y)p = e-af 
2^08-y)p=c-i, 

are the equations of the three planes of intersection. 

Now the line of intersection of the first and second of these 
planes is obtained by taking p so as to satisfy both equations, 
and therefore their difference 

2S(P^y)p=c^h, 
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which, being the third equation, proves that the same value of p 
satisfies it also. The three planes consequently all pass through 
the same straight line. 

Ex. 7. To find the locus of a pointy the sum of the squares 
of whose distances from a number of given points has a given 
value. 

Let p denote the sought point; a, )3,... the given ones ; then 

(p-.o)"+(p-.)8)« + &c. = S(p-o/=-C. 
If there be n given points ; this is 



or 



(->-?)■- ©"-iff ■•■^<'> 



This is the equation of a sphere, the vector to whose centre is 

- 2 (a), 
n ^ ' 

i e. the centre of inertia of the n points taken as equal 

Transpose the origin to this point, then (36) 

S.a = 0, 

and ■ p«=-l{S(a') + C}. 

Hence, that there may be a real locus, C must be positive 
and not less than the sum of the squares of the distances of the 
given system of points from their centre of inertia. J£ G have 
its least value, we have of course 

the sphere having shrunk to a point. 

Additional Examples to Chap. Y. 

1. If two circles cut one another, and from one of the points 
of section diameters be drawn to both circles, their other extre^ 
mities and the other point of section will be in a straight line. 



EX. 2.] ADDITIONAL EXAMPLES. 89 

2. If a cHord be drawn parallel to the diameter of a circle, 
the radii to the points where it meets the circle make equal angles 
with the diameter. 

3. The locus of a point from which two unequal circles sub- 
tend equal angles is a circle. 

4. A line moves so that the sum of the perpendiculars on it 
from two given points in its plane is constant. Shew that the 
locus of the middle point between the feet of the perpendiculars 
is a circle. 

5. If 0, 0' be the centres of two circles, the circumference 
of the latter of which passes through ; then the point of inter- 
section A of the circles being joined with 0' and produced to 
meet the circles in (7, D, we shall have 

AC.AD = 2A0'. 

6. If two circles touch one another in 0, and two common 
chords be drawn through at right angles to one another, the 
sum of their squares is equal to the square of the sum of the 
diameters of the circles. 

7. Af B, (7 are three points in the circumference of a circle; 
]^rove that if tangents at B and G meet in D, those at G and A 
in JSy and those at A and B m F; then AB^ BE^ GF will meet 
in a point. 

8. If A, Bf G are three points in the circumference of a 
circle, prove that V(AB,BG . GA) is a vector parallel to the tan- 
gent at A, 

9. A straight line is drawn from a given point to a point 
P on a given sphere : a point Q is taken in OF so that 

OF.OQ^V. 

Prove that the locus of Q is a sphere. 

10. A point moves so that the ratio of its distances from two 
given points is constant. Prove that its locus is either a plane 
or a sphere. 
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11. A point moves so that the sum of tHe squares of its 
distances from a number of given points is constant. Prove that 
its locus is a sphere. 

12. A sphere touches each of two given straight lines which 
do not meet ; find the locus of its centre. 



CHAPTER VI. 



THE ELLIPSE. 



43* 1* Ip we define a conic section as ^* the locus of a point 
which moves so that its distance from a fixed point bears a con- 
stant ratio to its distance from a fixed straight line" (Todhunter, 
Art. 123), we shall find the equation to be (Ex. 5, Art 35) 

aV" = e'(a«-^ap)» (1), 

where SP = ePQ, vector SD = a, SP== p. 

When e is less than 1, the curve is the ellipse, a few of whose 
properties we are about to exhibit. 

2. SAf SA' are multiples of a : call one of them xa : then, 
by equation (1), puttiag xa for p, we get 

a:»=e«(l-a;)'; 




.•. 05 = 



e 



a; = - 



l-a' 
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Le. SA^^SD, 

1+6 ' 

1 — e ' 

... AA'^^^r^SD, 
l-«" 

the major axis of the ellipse, which we shall as usual abbreviate 
by 2a. 

If C be the centre of the ellipse 



CS 



=^^'-^^'=(r^a-i4?)^^-^^ 



and if vector CS be designated by a', OF by p', we have 

o'== — -50 and p' — p + a'; 

whence, by substituting in (1), the equation assumes the form 

aV"+(>S'a'p7 = -a*(l-e'); 
which we may now write, CS being a and CF p, 

aV+(.Sap)' = -a*(l-6«) (2). 

3. This equation might have been obtained at once by re- 
ferring the ellipse to the two foci, as Newton does in the Prin- 
cipia. Book i. Prop. 11 ; the definition then becomes 

SF + HF=2a, 
or in vectors, if 

(7P=p, CS^a, 

i.e. J- (p + a)* + ^- (p - a)* = 2a ; 
hence, squaring, 

aJ-(p-af-cf-\- Sap ; 
i.e. aV + (^ap)» = -a*(l-«'). 
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If now we write d>p for —; i.^, where d>Q is a vector 

'^ a (1 - e) ^ 

which coincides with p only in the cases in which either a coin- 
cides with p or when /S<ap = 0, i.e in the cases of the principal 
axes ; the equation of the ellipse becomes 

Spi>p = l (3). 

The same equation is, of course, applicable to the hyperbola, 
e being greater than 1. 

44. The following properties of ^p will be vert/ frequefnJtly 
employed. The reader is requested to bear them constantly in 
mind. 

1. ^ (p + <r) = ^p + ^. 

2. ^p = x^p^ 

Q CT , a' Sap + S€urSap 

^'^ a (1 — e^ 

= /Sp^p<r. 

They need no other demonstration than what results from 
simple inspection of the value of ^p 

a^p + cuS^ap 
"'■■a*(l-e")' 

45. To find the equation of the tangent to the ellipsa 

The tangent is defined to be the limit to which the secant 
approaches as the points of section approach each other. 

Let (7P = p, CQ = p', then 

vector FQ^CQ'-CP^p-p^p say; 
P is therefore a vector along the secant. 

Now V*p' = S{p+l3)<l>(p-^P) 

= ;S(pH-/3)(<^p+<^)8) (44.1) 
= Sp<l>p + Sp<f>p + Sp<l>p + Sp<l>l3. 
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But 8p4>p' = 1 = 8p4>p ; 

,-. Sp<l>p -^^ Sfi<f>p -h sp<i}p = 0, 

or (44. 3) 2SPilip + Sptl>p = 0. 

Now p<fip involves the first power of fi whilst p<f>p involves 
the second, and the definition requires that the limit of the sum 
of the two as fi gets smaller and smaller should be the first only, 
even if that should be zero : i. e. when p is along the tangent^ we 
must have 

2Sp<l>p = 0. 

[We might also have written the equation in the form 
Thus, however smaU the tensor of fi may be, 



*(p4^) 



is always perpendicular to p. Whence, finally, 

Sfi<l>p = 0.] 
Let then T be any point in the tangent, vector CT = ir, then 

V = p + 05)8, 

and Sp<fip = gives 

S{ir-p)4>p = 0; 

. *. /Sx^p = Sp<l>p = 1 

is the equation of the tangent. 

Cob. 1 ^p is a vector along the perpendicular to the tangent 
(32. 3), that is, ^p is a normal vector, or parallel to a normal 
vector at the point p. 

Cob. 2. The equation of the tangent may also be written 
(44. 3) Sp<lm = 1. 

46. We may now exhibit the corresponding equations in 
terms of the Cartesian co-ordinates, as some of the results are 
best known in that form. 
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Let CM=x, MP = y as usual; then, retaining the notation 
of Art. 31 with i, j as unit vectors parallel and perpendicular 
respectively to CAy 

vector Cif=a», MF=fff, C8=aei', 

a'p + aSdp 

_ a* (1 — e*) a» + efi/f 
a*(l-e") 

▼here 6* = a* (1 - e*) ; 

and Sp^P = -S{xi + ig)Q + f^ 

~a' b" 

is the Cartesian interpretation of Sp<f>p = 1. 

AgftiTi^ if a/, y' be the co-ordinates of ^ a point in the tangent, 

and ^ir*P = -^(«^'* + y'i)(5!+|) 

" a' ■*■ 6" 

is the equation of the tangent. 
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47. The Talues of p and ^p exhibited in the last Article, 



VIZ, 

P 
enable us to write 



= a» + S;, *p = -(5+P) (1). 



'h-^-^'-t (2). 



a* 6 
We shall have 

ifT^p = aHSip + h'jSjpj &C. 
If, further, we write iffp for 

fiSip jSjp\ 

we shall have 

= -*P w, 

}fr^p = -{aiS{p-^ljSjp)y &c. 

P = ^" Vp 
^''{aiSul/p-^-ljSjil/p) (6). 

It is evident that the properties of <;^p (Art. 44) are possessed 
by all these functions. 

Now 'Sp^/j = 1 

gives SpiJ/ (i/rp) = - 1 , 

But since Sptf/a- = /Sb^p, 

this becomes ^^P^P - — 1> 

or Ttj/p^l; 
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which shews 1. that i^p is a unit vector ; 2. that th'e equation of 
the ellipse may be expressed in the form of the equation of a 
circle, the vector which represents the radius being itself of vari- 
able length, deformed by the function ^. 

Lastly, &<^j8 = 

gives Sa^^ = S^w^^ = ; 

therefore ^a, ^)3 are vectors at right angles to one another. 

48. To find the locus of the middle points of parallel chords. 

Let all the chords be parallel to the vector j8; ar the vector 
to the middle point of one of them whose vector length is ^x^ ; 
then 

IT + ajff, v — xfi 
are vectors to points in the ellipse ; 

.-. ^(7r+a;^)<^(7r + a;^) = l, 

S{'n'-xP)<l>{ir-xP)=l, 

multiplying out, observing that (44. 1), 

<^ (tt + x^) = <^7r + x<lil3y &c., 

we get by subtracting, 

S7r<t)p + SI3<l>Tr = 0, 
or, (Art. 44. 3), 

257r<^/? = ; 

i. e. the locus required is a straight Kne perpendicular to 0j9. 

Now <f>p is the vector perpendicular to the tangent at the 
extremity of the diameter p (Art. 45. Cor. 1). 

Therefore the locus of the middle points of parallel chords is 
a diameter parallel to the tangent at the extremity of the diameter, 
to which the chords are parallel. 

CoR. If a be the diameter which bisects all chords parallel 
to j3 ; since 

Sa4>l3 = 0, 

T. Q. 7 



V 
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we have (Art. 44. 3), 

Spfl>a = 0, 

which is the equation to the straight line that bisects all chords 
parallel to a. Moreover )3 is parallel to the tangent at the ex- 
tremity of a, for it is perpendicular to the normal ^ 

Hence the properties of a with respect to P are convertible 
with those of P with respect to a: and the diameters which 
satisfy the equation 

Satfifi = 0, 

are said to be conjugate to one another. 

49. Our object being simply to illustrate the process, we shall 
set down in this Article a few of the properties of conjugate 
diameters without attempting to classify or complete them. 

1. If CPy CD are the conjugate semi-diameters a, P; and 
if DC be produced to meet the ellipse again in £, and FD, PE 
be joined ; vector DP = a — )8, vector EP = a + jS, 

Now 

= SaxfM -SPff^P - Saff^P +Sp<l>a (44. 1) 
= 0, 
because Saffta, S/3<l>Py each equals 1. 

Therefore a + j8, a-jS are parallel to conjugate diameters. 
(Art. 48. Cor.) 

This is the property of SupplernerUdl Chords. 

2. Let two tangents meet in T, CT=irj and let the chord 
of contact be parallel to fi. If for the present purpose we denote 
CN by a, we have 

S'n'<l>{a + x P)=l, 
Sirff> {a + x^ P) = 1, 
for the two points of contact. 
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Sabtracting and applying (44. 1), 

hence v and P ie. CT, QR are conjugate. 

3. The equation of the chord of contact is ^o-<^7r = 1. 

For Spffnc= 1 (45. Cor. 2) is satisfied by the values of p at 
Q and at R^ and since Spt^iir = 1 or Saf^it = 1 is the equation 




of a straight line, n* being a constant vector (32. 3) it is the 
]mQQR. 

4. If QR pass through a fixed point Ey the locus of ^ is 
a straight line. 

Let <r be the vector to the point E^ then 

S<r<f>v= 1; 

or the locus of jT is a straight line perpendicular to ^c, ie. 
parallel to the tangent at the point where GE meets the ellipse. 
(45. Cor. 1.) 

The converse is of course true. 

5. Let us now take 

7—2 
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then the eqtiation of the tangent becomes 

tS«a^ (xa + yfi) = 1 ; 
i.e. xzSaifHi=l ; 

or xa.za = a'; 
geometrically CN.CT= CF'. 

6. The equation of the ellipse gives 

or a:*iSa</Ki + j/'Sfiff^P + 2xi/Sa^p = 1, 

i.e, a:' + y* = l, 

or, since Clf is ao, CP = a, Ac., 

the equation of the ellipse referred to conjugate diameters. 

7. a = ifT^^a = - (aiSinl/a + iQSj^pa) 
P=^ilf-''il/P = -{aiSiil/P + bjSjil/P); 

If now we call k the unit vector perpendicular to the plane 
of the ellipse, we get 

Vij = k 

And, observing that ij/a, ij/fi are unit vectors at right angles; 
if the angle between i and ^-a be 0, that between i and if/P 
will be 

IT 

^ + 0, &c. &c., 

we shall have (21. 3) 

Sulfa = — cos 6f 
Siilfl3 = sin tf, 
/§'^a = — sin tf, 
Sjif/fi = - cos fl. 
.-. SiilfoSjtl/P - SiilffiSjilfa = cos* fl + sin" fl = 1. 
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Consequently VaP=^ahk; 

La Ta. T fiain FOB = ah, 
or aU pa/ralldograms cirmmacribing an dlipse are equal. 

50* Examples. 

Ex. 1. To find tlie length o/the perpendiciUar/rom the centre 
on the tangent. 

Let CY the perpendicular, which (Art 45. Cor. 1) is a vector 
along ^p, be a;^p ; then since Z is a point in the tangent^ 

Sv<l>p = 1 gives Sx<f>pifip = 1, 

or X {<t>py= 1 ; 

.-. (x<t>py{<i>py=i, 

and Cr = T{x<l>py = T^, 

(46). 



a^ b" 



Ex. 2. The prod/uct of the perpendiculara from the foci on tlte 
tangent is eqtial to the square of the semi-axis minor. 

We have SY the vector perpendicular =x<l>p^ and as F is a 
point in the tangent, and 

CY=a-\-x<f>p^ 

x (^p)' = 1 — Sa^^pf 

99 

Similarly, EZ^^tI^^^; 

99 
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Now (43. 2) oV = -/SfV-»*(l-«')i 



.-. ST.HZ=a*{\-i?) = h\ 



Ex. 3. The perpendieular from the focus on the tangent in- 
tersects the tamgent tn the txrewn^ference of the circle described abovi 
the axis major. 

Betaining the notation of the last example, we have 

_- . ^P(l-^°<tp) . 

= -aV-a'(l -«•) (lajst example) 

and the line CY= a. 

Ex. 4. ^0 find the loeus of T when the perpendietdar from 
tlie centre on the chord of contact is conatcmt. 

If CT be v, the equation of QR, the chord of contact^ is 

S(r^=l (Art. 49. 3), 

and the perpendicular (Ex. 1) is T — ; 



.y 



^•** ••** 
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or Sf^TP . ^TT = — c', 

or /S7r</><^7r = - c" (Art. 44. 3); 
ie. ^.(ifr+-^^) = c'(47.3). 



an ellipse. 



or -4+fi = c' 
a 6 



Ex. 5. TQy TR a/re two tcmg&nts to an ellipse, and GQ', CB' 
are d/rawn to the ellipse pa/raUd respectively to TQ, TR; prove 
that QR! is parallel to QR. 

Let CQ = p, CR = p\ CT=a, 

then SpfJKL =1, 

Now since CQ' is parallel to TQ, 

CQ'=xTQ = x(p^a). 

Similarly CR' = y(p'-a\ 

and S.CQ'<t>{CQ') = l 

gives a^S (p - a) </> (p - a) = 1 , 

i.e. a5*(*S'a^a— 1) = 1, 
and y' (Sa<l}a - 1) = 1; 

.-. y = x, 
and (/R' = OR' -Gq = x (p' - p) 

= xQR', 

hence Q'Rf is parallel to QR. 

Cob, Q'R^' i QR^ i: a? : \ 

:: 1 : Sa<f>a-r- 1 

S 9 

.. 1 . ^3 + ^a 1, 

where a?, y are the co-ordinates of T. 
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Ex. 6. If a pa/rcLUdagram he inscribed in an eUipae^ ii8 sides 
a/re parallel to conjugate diameters. 

Let PQRS be the parallelogram. 

CP = p, CS = p; 
then CQ = p + a, Ci? = p'4-a; 

.*. Sptl>p^lf 
^(p + a)<^(p + a) = l; 
wherefore 2Sp<lia + SatJM = 0. 

Similarly 2Sp'<l>a + Sa<l>a = ; 

.*. S{p' — p)4kl = 0, by subtraction, 
or SI3<f>a = 0, 
and (48. Cor.) P, a are parallel to conjugate diameters. 



Additional Examples to Chap. YI. 

1. Shew that the locus of the points of bisection of chords to 
an ellipse, all of which pass through a g^ven point, is an ellipse. 

2. The locus of the middle points of all straight lines of con- 
stant length terminated by two fixed straight lines, is an ellipse 
whose centre bisects the shortest distance between the fixed lines; 
and whose axes are equally inclined to them. 

3. If chords to an ellipse intersect one another in a given 
point, the rectangles by their segments are to one another as the 
squares of semi-diameters parallel to them. 

4. If FCr, BCD' are conjugate diameters, then PI), Pjy 
are proportional to the diameters parallel to them. 

5. If Q be a point in the focal distance SP of an ellipse, such 
that iSQ is to SP in a constant ratio, the locus of Q is a similar 
ellipse. 
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6. Diameters which coincide with the diagonals of the paral- 
lelogram on the axes are equal and conjugate. 

7. Also diameters which coincide with the diagonals of any 
parallelogram formed hj tangents at the extremities of conjugate 
diameters are conjugate. 

8. The angular points of these parallelograms lie on an ellipse 
similar to the given ellipse and of twice its area. 

9. If from the extremities of the axes^of an ellipse four pa- 
rallel lines be drawn, the points in which they cut the curve are 
the extremities of conjugate diameters. 

10. If from the extremity of each of two semi-diameters 
ordinates be drawn to the other, the two triangles so formed will 
be equal in area. 

11. Also if tangents be drawn from the extremity of each 
to meet the other produced, the two triangles so formed will be 
equal in area. 

12. If on the semi-axes a parallelogram be described, and 
about it an ellipse similar and similarly situated to the given 
ellipse be constructed, any chord i^QR of the larger ellipse', drawn 
from the further extremity of the diameter CD of the smaller 
ellipse, is bisected by the smaller ellipse at Q. 

13. If TF, TQhe tangents to an ellipse, and FOr be the 
diameter through P, then FQ is parallel to CT, 



CHAPTER VIL 



THE PARABOLA AND HYPERBOLA, 



51, As already stated, most of the properties of the hyperbola 
are the same as the corresponding properties of the ellipse, and 
proved by the same process, e being greater than 1. There are, 
however, some properties both of it and of the parabola which 
may be conveniently developed by a process more analogous to 
that of the Cartesian geometry. This process we shall develope 
presently. In the meantime we proceed to give a brief outline 
of the application to the parabola of the method employed in 
the preceding Chapter for the ellipse. 

52. If S be the focus of a 
parabola, DQ the directrix, we 
hB.YQSP = PQySA = AD = a. 

K aS'P=p, SD = a, we have 
(E2L 5, Art. 35) 

ay = (a^-^ap)* (1). 



if^=' 



(2). 




to which the properties of ^p in 
Art. 44 evidently apply, 
the equation becomes 

iS'p(^p + 2a->) = l (3). 

If p be another point in the parabola, p —p^P, the limit to 
which P approaches is a vector along the tangent; so that if 
fic^ = w - p, TT is the vector to a point in the tangent ; this gives 

fi'(^-p)(^p + a-') = (4); 
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hence the equation of the tangent becomes 

^ir(<^p + a-*) + Aya-V==l (5). 

From (2) it is evident that 

Sa4>p = (6), 

80 that 0p is a vector perpendicular to the axis. 
From the same equation 

a 

(p — a'^SapY 
* a' 

= a-(*p)- (7). 

From (4) the normal vector is 

^P+a-^ (8); 

therefore the equation of the normal is 

<r = p + a5(</>p + a~') (9). 

Equation (2) when exhibited as 

a'^ = p — a~^/Sap, 

reads by (6), * vector along i\rP=/S'P- vector along AN\ which 
requires that 

NF=a*<t>P (10), 

SiV=^ a 'Sap ; 

i.e. =a^a~^p (11). 

For the subtangent AT^ put xa for ir in (5), and there results 

whence Ix^ -^\a = ^a — aSoT^p] 

i. e. vector AT=- vector AN (by 11); 
,-. ]m^AT^AN', 
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and ST^xa gives 

(a'-SapY 



a* 



= p'hj(l); 

.-. line ST=SP, 

whence also the tangent bisects the angle SPQ; eLudSQ is per- 
pendicular to and bisected by the tangent. 

From (8) 



y{<f>P+a-' 


)^PG 






= - a'^p + %a 


(by 10); 


• y = -a'i 


y = za\ 




« = - 


1, 




»a = - 


a; 





Le. NG^-SD, 
or line NG = SD, 

whence the subnormal is constant. 

And vector (?P = -y(<^p + a"*) = a*(<^p + a"*); 

.-. Yector SQ = SD-hI)Q 
= SD-^NP 

= a + a'^p 

= GP, 
and SQGP is a rhombua. 

Laatly, i(« + a'^) = J-S© 

••• -^i'=2«''^<»; 

or (10) iiF is parallel to, and equal to half of NP. 
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53* If now we substibute Cartesian co-ordinates, making 

p = on + yj, a = — 2ai; 



we shall have 



a'^Sap = xi, 



<l>p 



= -J^. 



and equation (3) becomes 

or y" = 4a(a + a;) 

= iax' if x' = AN. 

The locus of the middle points of parallel chords is thus 
found. 

Let the chords be parallel to P, ir the vector oif the middle 
point of one of the chords, 

then TT + JBjS = p, 

and :S{7r-hxP) <l>{w¥ x^) + 2A^a"' (tt + a;)9) = 1; 

which, since the term involving x must disappear, gives 

Sir<f,p + Sa^P = 0, 
a straight line perpendicular to €l>P, i. e. (6) parallel to the axis. 

This equation may be written 

which shews (8) that the chords are perpendicular to the normal 
vector at the point where p = 7r, i.e. at the point where the 
locus of the chords meets the curve : in other words, the chords 
are parallel to the tangent at tlie extremity of the diameter which 
bisects them. 

54. Examples. 

Ex. 1. If two chords he drawn cUwaya parallel to given lines, 
and cut one another ai points either wUhin or wvthoub the pa/rahola, 
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the ratio of the rectangles of their segments is always the same 
whatever he their point of section. 

Let POpj QOq be the chords drawn through 0, and always 
parallel respectively to j3 and y, which we will suppose to be 
unit vectors. 

Let 8 be the vector to 0, 
then p = 8 + 05)8 

gives from equation (3) 

/S (8 + a;)3) («^8 4- «^)8 + 2a-*) = 1 ; 
.-. aj«5i8<^i8 + ^&^ + 25'a-»8 + ilaj = l, 
the product of the two values of x being 

^<^4-2^a-'8-l 

.-. OP.O;,:Oe.O,::^:^ 
a constant ratio whatever be 0. 

Cob. Let d, 0' be the angles in which P and y cut the axis j 
then since )8, y are unit vectors, if p be a vector to the parabola, 
drawn from S parallel to POpy which we may now call SP'y 

p = np, <^p = f^ (n/S) = n«^j8 (44. 2), 
will give 

JVTP 
in which case ^p is — ^ ; 

a 

.\ SP<I>P : Sy^ :: sine JJ : ^^^ - ^'« : s^'^; 

1 1 

and, OP. Op : OQ. Oq :: -r-^ : -t-st?. 
^ ^ sm"^ smV 

Ex. 2. jPt7u2 ^ ^ctttf o/* the point which divides a system of 
parallel chords into segments whose product is constanL 
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By the last example, the equation of the locus is 

^8<^8 -f-2^a-^8-l 

a parabola similar to the given parabola. 

Ex. 3. Tlie perpendicular from A on the tangentj a/nd the line 
FQ are prod/uced to meet in R : find the locus of R. 

By Art 52. 8, AR = x (<^p + a"*), 

and FR = ya; 



• ■ 



Operate by S<f>p, 
and X (<^/3)' = Spffip 

= a'(^)« (52. 7); 



.'. aj = a 



s 



and IT = ^ + a* (^p + a"*) 

= -^ + a'<f>p is the equation required ; 

and, since Slv — ^ja = 0, it is that of a straight line perpendi- 
cular to the axis, at the distance 3a from S> 

Ex. 4. To find the locus of the intersection with the tamgent 
qf the perpendicular on it from the verteos. 

If IT be the vector perpendicular on the tangent from A^ 
we have by (52. 8) 

IT = a (<^p + a-») (1), 

and the equation of the tangent gives, putting 9r + ^ in place 

of fl* in (52. 5), and multiplying by 2, 

2*SW<^p + 2/^a-V + 2Sar^p = 1 (2), 

we have also 

Sp (ff^p + 2a"') = !..•• ^ (3). 
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From these three equations we have to elimiiiate x and p. 
Equation (1) gives 

which gives a?, 

and Svff^p = X (<l>p)'f 

which substituted in (2) gives 

2x {<t>py + 2;S'o-»ir + 2Sa"p = 1. 

Also, substituting (52. 7) a*(<^p)" for Spff^p, equation (3) 
gives 

a"(<^p)' + 25a-V=l; 

therefore by subtraction 

(2a;-a»)(<^p)«+2*S'a-V=0, 
L e. {2Sa'ir - o") (<^p)« + 2Sa"v = 0, 

which from (1) becomes, multiplying by S'av, 

(2AS'a7r - a)" (tt - a-'^S'aTr)" + 2S'airSa-'7r = 0. 

This equation at once reduces to 

27r'iyx7r - ttV + S'air = 0, 

an equation which, when 4a is written in place of a, becqpaes 
identical with that obtained in Art. 37, Ex. 8. 

The locus is therefore' a cissoid, the diameter of the generating 
circle being A I), 

55. It will probably have suggested itself to the reader, that 
there exists a large class of problems to which the processes we 
have illustrated are scarcely if at all applicable. Hence there 
may have arisen a contrast between the Cartesian Geometry and 
Quaternions unfavourable to the latter. To remove this un- 
favourable impression, all that is required in a reader familiar with 
the older Geometry is a little experience in combining the logic 
of the new analysis with the forms of the old. He will then see 
how simple and direct are the arguments which he can bring 
to bear on any individual problem, and consequently how little 
the memory is taxed. 
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We propose in this Article to put the reader in the track 
of employing his old forms in conjunction with quaternion 
reasonings. 

We shall work several examples on the parabola and the 
hyperbola. Having applied quaternions pretty fully to the 
ellipse in what has preceded, we will limit ourselves to a single 
example in this casa 

1. The Pa/raibola, If the unit vector along any diameter of 
the parabola be a, and the unit vector parallel to the tangent at 
its extremity be ^; we may write the equation of the parabola 
under the form 

=£'-+y^ (!)• 

For the particular case in which the diameter in question is the 
axis, and the tangent at its extremity parallel to the directrix 

p=^«+y^"- '••{% 

where a is AS (Art 52). 

This is the most convenient form when the focus is referred 
to. 

In other cases a somewhat simpler form may be obtained by 
supposing a, or if necessary both a and P of equation (1) to 
be other than unit vectors. 

The equation may then be written under the form 

P = f« + <i3 (3). 

To find the equation of the tangent, we have 

p' = ^a + l!p; 

.: p'-p = {t'.t)(^a + py 

T. Q. 8 



114 QUATERNIONS. [CHAP. VII. 

Now p' "p is a vector along the secant ; and its limit is a 

vector along the tangent: hence any vector along the tangent 

is a multiple of ta-^fi; and the equation of the tangent may 

be written 

f 
x = HO-f «)8 + a?(<a+/3) (4). 



Examples. 

Ex. 1. 1/ APy AQ he chorda drawn ail right angles to one 
another from A ; PM^ QN perpendiculars on the axis, then the 
iatus rectum is a mean proportional between AM and AN ; or 
betioeen PM and QN. 

liPM=y, QN^t/, 

Now S(AP.AQ)=Q{22.1)', 



or yy' = {iay; 
therefore also xx^ = (4a)*. 

Ex. 2. If the rectangle of which AP^ AQ are the sides he 
completed, the fwrther wngle will trace out a parabola similar to 
the given pa/rahola, tlie distance hetween the two vertices being equal 
to ticice the Iatus rectum, 

p = AP-hAQ 

Ex. 3. The circle described on a focal chord as diameter touches 
the directrix; and the circle described on any other chord does 
not reach the directrix. 
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Let FQ be any chord, oentre 0, 

The equation of the circle mth centre 0, ladius OP, is 

/ AQ + AP\' /AQ-AP\* 

['' — 2— j=v— 2— ;» 

or p'-S(AP + AQ)p + S(AP.AQ) = 0. 

At the points in which this circle meets the directrix 

p = - oa + «)3 ; 



or 



This equation is possible only when 

i e. when the chord is a focal chord. 

In this case the two values of z are equal, each being ^ ; 

and the directrix is a tangent to the circle. 

Ex. 4. Two parabolas have a common focus amd aacis ; their 
vertices are tu/med in opposite directions. A focal chord cuts 
them in FQ, PQ\ so that FF'SQ^ a/re in order. Frove (1) tiwi 
SF.SF^SQ.SQ"; {2) that SF : SQ' is a constant ratio; ami 
(3) that the ta/ngents aJt F^F^ are at right angles to one another. 

The equations of the parabolas are 

the focus being the origin. 

8—2 
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Now since p, p' are in the same straight line when the common 
chord is the focal chord, we have 

^=pyf 

••• (yj/ - 4aa') (a y + oy^ = 0. 

Taking the former factor, we must have y, i/ on the same 
side of the axis with a constant product; therefore 

The second factor gives SF : SQ' a constant ratio a : a\ 

Lastly, by Equation (4), the tangent vectors at F and F* are 
parallel to 

therefore the tangents are at right angles to one another. 

Ex. 5. If a tricmgle he inscribed in a paraholay the three 
points in which the sides are met by the tangents a£ the angles lie 
in a straight line. 

Let OFQ be the triangla 

Take as the origin, then 

f 
p=2« + ^A 

e 

v=ja + tfp + x'{t'a + P), 
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are the vectors OP, OQ, and the equations of the tangents at F 
and Q. 

If QO meet in A the tangent at P, 

=^yOQ 

^ + aj = ^y, 

Similarly if the tangent at Q meets FO in By 

If the tangent at meets FQ in C, 
00=OP + z{PQ) 
= OF+z{OQ-OP) 

= 2 a + <)3 + « |— 2-^ « + («'- <))8j . 
But OG=vfi; 

..._ + «__ =0, 

< + « (^ — <) = V, 
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and <^=??7^ 



Now 



^O.J^OB-t^OC.., 



t ^ uf ' 

therefore (Art 13) ^, ^, (7 are in a straight line. 

2. The ellipse, li a^ p are unit vectors along the axes, the 
equation of the ellipse may be written 

where y" = -| (a*- a?^ = m (a»- «^ ; 

and the equation of the tangent wiU be readily seen to be 

v = xa-^-yP'\-X{ya-fnxP). 
A single example will suffice. 

Ex. If UmgerUs he drawn at three points P^ Qy B of an 
ellipse uUersecting in H'y ^, P', prove that 

PR'. QF. Rq = Pq. QBf. RF. 

li Xy y] x\ y ', a/', y" are respectively the co-ordinates of 
P, Qj R; we shall have 

OR' = xa-^ yP + X{ya-'mxP) 
= afa + y'P'k-X'(y'a-mixfp); 
.'. x + Xy = x+Xy, 
y-mXx = y^-mX'x'; 
.'. mX {xfy - j/x) = ma/' + y" " Tnxacf -- yy' 

= 6'— wiasc'— ^. . 
Hence mX' {xy' - x'y) = b* -mxa/ --yy^ 

= -'mX{gsi/-afy); 
• *. Jl = — X y 

r=-r for ^, 

and XTZ^^X'YZ. 
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Now 



X PR' 



7f ^ 



Y FQ' 
hence the proposition. 

3. The hyperbola. If a, )8 are unit vectors parallel to the 
asymptotes CX^ CY, the equation of the hyperbola may be written 

X 



since 






If a, )3 be not both units we may write the equation under 
the simpler form 

(1). 



P-^^T 



To find the equation of the tangent, we have as usual a vector 
parallel to the secant 

=(^*)('-f)- 

and a vector parallel to the tangent will be 



ta-- 



,(2). 
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Hence the equation of the tangent is 

ir^ta+^+xfta-^ , (3). 

Cor. It is evident that 

are conjugate semi-diameteiB. 

Examples. 

Ex. 1. One diagonal of a parallelogram whose sides are the 
eo-firdiruitea being the radius vector, the other diagonal is parallel to 
the tangent 

We have Cir= fa, -^G = f t 



CQ=ta+^y 



and the other diagonal is 



fa-f. 



which, equation (2), is parallel to the tangent at Q, 

Ex. 2. Any diameter CP lieeeta all the chords which are 
paraUel to the tangent at P, 

LetCPbe to + f, 

then the tangent at P is parallel to 

Bnt as Q is a point in the hyperbola, this equation must hare 
the form 
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.-. (x+r)<=r, 
(x-r)l = -^, 

and X*-T''=l, 

an equation which gives two equal values of T with opposite 
signs, for every value of X. 

Hence all chords are bisected. 

Cor, X«-r" = lis 



\cfJ \gd) ^' 



(72) being ta^^^FO. 

t 

This is the ordinary equation of the hyperbola referred to 

conjugate diameters. 

Ex. 3. If TQy TQ' he two tcmgents to the hyperbola intersect- 
ing in R and terminated at Ty Ty Q, Q' by the asymptotes; then 
(1) TQ' is parallel to T'Q; (2) area of triangle TRT' = area of 
triangle QRQ, and (3) OR bisects TQf amd TQ. 

The equation of the tangent 



= «« + 7 +«'('«-?). 



gives 

(77'= 2«a, 

(the coefficient of ^ being 0), 

CT = 2«'a, 

therefore ^T is parallel to QT'. 
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Again, CR=GQ + QR=CQ + x{GT-CQ) 





=T^ 


.2(«.-f). 


Also 


CH-^-§*'-^{f-f): 




.'. xt- 


-«!<, 




1 X 


1 ai 




t t' 






X- 


■< + <" 




t!-- 


t 


and 


a»;' = (l 


-x){l-x'), 




i.e. QEA 


7R=RT.Rr, 


and the triangles 


TET\ QEq 


are eqnaL 


Tjafltly, 


ceJI 


^^.(-f) 




-U^^'^ 



or GE is in the direction of the diagonal of the parallelogram of 
which the sides are CT^ Ci^ ', and therefore CE bisects TQ' 
and T'Q. 

Ex. 4. i/* through Q, P, ©' paraUds be dravm to CX meeting 
CYinB, F, G; CEy CF, CG are in eontinued proportion. 

CF=ta + ^; 



.-. CQ = Cy+7Q 



=x(*a.f).r(^-^. 
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CQf = x{ui + ^-7fta-^, 



• 


CE=(X-7)i, 




OF.i. 




c<?=(2r+r)|; 


and 


CE.CG=CF'; 


because 


X*-Y*=l (Ex.2). 



Ex. 6. If a chord of a hyperbola be one diagonal of a 
parallelogram whose sides a/re parallel to the asymptotes^ the other 
diagonal passes iJvrough the centre. 

Let the chord be PQ ; p, p the vectors to P and Q ; then 



(2P = p-p'=a« + |-^a^' + ^. 



Now when one diagonal of a parallelograni is ma + n^y the 
other will be ma — w)8. 

Therefore in the case before us, the other diagonal is 

And it is therefore in the same straight line with the line 
which joins the centre of the hyperbola with the middle point 
of PQ ; whence the truth of the proposition. 
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Ex. 6. If two tangents to a hyperbola at the extremities 
Qi Q of a diameter, meet a tangent at F in the points T, T'; 
and if CD, CD' a/re the semi-diameters conjugate to GF^ CQ ; 

then (1) FT : QT :: FT : i^T' :: CD : C72>'; 

amd{2) FT. FT' ^ CD". 

If tj t\ - <', correspond to P, Q, Q', then 



gives 



CT-. 


= «« + f+a:(«*-j 


m 
• 


= «^+|- 


i-x'fat- 




< + arf = 


-.t' + 9!i. 




1 X 

t t '' 


1 SB' 






-'=-«'. 



«' + « 

Similarly Cr' = crf + ^+y^o«-^ 

--"'-?-<-'-s. 

gives t-^yt^-lf-y'^, 

whence y = -p — -=-]f. 

Now X ': y :: X : f/ 

gives Pr : ^^ - ^^' : ©^' 

:: CD : Ci>'. 

And ay = 1 

gives FT. FT' = CD'. 

Cob. ay = 1, 

gives QT.Q'T'^CD^. 
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Ex. 7. Straight lines move so that tJie triangular area which 
they cut off from two given straight lines which meet one am/other 
is consta/nt: to find the loots o/ their ultiniate intersections. 

Let OAA\ OBB be the fixed lines, AB, A'B' two of the moving 
lines with the condition that 

OA . OB = 0A\ OB". 

If a, p be unit vectors along OA, OBy 

OA=ta, OB = uP; OA' = tfa, Off = u% 

the point of intersection of AB, AB' gives 

p^ta-{-x (up - ta) 

= ta + »' {u'P - ta), 

and <(l-a;) = «'(l-aO 



-•('-?)• 



Now tu = iv! = c because the triangle has a constant area; 
the equation of a hyperbola. 



Additional Examples to Chap. Vll. 

1. In the parabola S7' = SF . SA. 

2. If the tangent to a parabola cut the directrix in E^ SB is 
perpendicular to SF. 

* 3. A circle has its centre at the vertex ^ of a parabola whose 
focus is S, and the diameter of the circle is 3AS. Prove that the 
common chord bisects AS, 

4c, The tangent at any point of a parabola meets the directrix 
and latus rectum in two points equally distant from the focus. 
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5. The circle described on SP as diameter is touched hj the 
tangent at the vertex. 

6. Parabolas have their axes parallel and all pass through 
two given point& Prove that their foci lie in a conic section. 

7. Two parabolas have a common directrix. Prove that 
their common chord bisects at right angles the line joining their 
foci. 

8. The portion of any tangent to the parabola between tan- 
gents which meet in the directrix subtends a right angle at the 
focus. 

9. If from the point of contact of a tangent to a parabola 
a chord be drawn, and another line be drawn parallel to the axis 
meeting the chord, tangent and curve ; this line will be divided 
by them in the same ratio as it divides the choi*d. 

10. The middle points of focal chords describe a parabola 
whose latus rectum is half that of the given parabola. 

11. FSQ is a focal chord of a parabola: PA, QA meet the 
directrix in y^ z. Prove that Pz, Qy are parallel to the axis. 

12. The tangent at D to the conjugate hyperbola is parallel 
toCP. 

13. The portion of the tangent to a hyperbola which is in- 
tercepted by the asymptotes is bisected at the point of contact. 

14. The locus of a point which divides in a given ratio Hnes 
which cut off equal areas from the space enclosed by two given 
straight lines is a hyperbola of which these lines are the asymp- 
totes. 

15. The tangent to a hyperbola at P meets an aE^rmptote 
in T, and TQ is drawn to the curve parallel to the other asymp- 
tote. PQ produced both ways meets the asymptotes in Ey R i 
BR is trisected in P, Q, 
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16. From any point H of an asymptote, EN^ EM are drawn 
parallel to conjugate diameters intersecting the hyperbola and its 
conjugate in F and D. Prove that GP and GD are conjugate. 

17. The intercepts on any straight line between the hyper- 
bola and its asymptotes are equal. 

18. If QQ' meet the asymptotes in E, r, 

EQ.Qr = PO\ 

19. If the tangent at any point meet the asymptotes in X 
and y, the area of the triangle XGY is constant. 



CHAPTER VIII. 

CENTRAL SURFACES OF THE SECOND ORDER, PARTICULARLY 

THE ELLIPSOID AND CONE. 

56. ^^ HUipsoid. In discussing central surfaces of the 
second order, we shall speak as if our results were limited to the 
ellipsoid. That such limitation is not, in most cases, necessarily 
imposed on us, will be apparent to any one who has a slender 
acquaintance with ordinary Analytical Geometry. We adopt it 
in order that our language may have more precision, and that, in 
some instances, our analysis may have greater simplicity. If the 
centre be made the origin it is clear that the scalar equation can 
contain no such term as ASoLp, for the definition of a central sur- 
face requires that the equation shall be satisfied both by + p and 
by -p. 

If we turn to the equation of the ellipse (Art. 43), we shall 
see at once that the equation of the ellipsoid must have the form 

dp* + bS'ap + 2cSapSPp + ... = 1. 

Now if, as in the Article referred to, we put 

iltp-ap + baSap + c {aSpp + /^Sap) + ... 

we shall have 

Sp4ip = ap^ + hS^ap + 2cSapSPp + ... 

= 1, 

the equation required. 

It will be seen that, as in Arts. 32, 33, one form of the equa- 
tion of the straight line was found to coincide exactly with the 
equation of a plane, so a form of the equation of the ellipse 
coincides exactly with the equation of the ellipsoid. 
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It is evident th^t the three properties 'of ^p given in Art. 44 
are true of <^p in its present form. 

57. To find the equation of the tangent plane. 

Let a secant plane pass through the point whose vector is p; 
and let p' be the vector to any point of section. 

Put p' = p + Py where j(? is a vector along the secant plane ; 

then Sp4>p=S{p'\-P)4^{p + Pl), . 

Hence, observing that (44) 

<^(p + y9) = <^p + <^A 

and Sp<f,p ^ S^fcfyp, 

we have Spi^p =£lp<l>p'^2Sp<f>p'^JSp<l>P; 

,le. 2SPif^p + SP4>P=0. 

Now (45), as the secant plane approaches the tangent plane, 
the sum of these two expressions approaches in value to the first 
alone : that is, for the tangent plane, SPif>p = 0, where )8 is a vector 
along that plane. 

If TT be the vector to a point in the tangent plane, 

TT^p-^xp; 

.K S{T'-p)<l^p=xSfi<l>p 

= 0, 

and STr<l>p = SpKJip 

' • =1 •• " ■ ■ • 
is the equation of the tangent plane. 

Cor. tjip is a vector perpendicular to the tangent plane at the 
extremity of the vector p. 

58. If OF be perpendicular from the centre On the tangent 
plane; then, since ^p is a vector perpendicular to that plane, 
Y= Xfjip and Sx {fjipy = 1, giving 

OY=T(x<I>p) = t}-. 

Sir W. Hamilton term3 ^/J the vector of proximity, [In fact 
vector Or= (<^p)"*.] 

T. Q. 9 



130 QUATEBNIONS. [CHAP. VIII. 

59* If tangent planes all pass througH a fixed point, the 
curve of contact is a plane curve. 

Let T be the fixed point ; vector a ; p the vector to a point of 
contact. 

Then (Art 57) Sa^^ = 1 ; 

i.aSf>^=l (44.3), 
which is the equation in p of a plane perpendicular to ^a. 

Now ^ is the normal vector of the point where OT cuts the 
ellipsoid ; 

.-. the curve of contact lies in a plane parallel to the tangent 
plane at the extremity of the diameter drawn to the given point. 

The plane of contact is called the polar plane to the point. 

60. Tangent planes are all parallel to a given straight line, 
to find the curve of contact. 

Let a be a vector parallel to the given line j then 

ir = p + iBo 

is a point in the tangent plane ; 

.'. )S(p+a5a)^=l; 

and Safl>p = 0, 

or Sp^ = 0, 

the equation of a plane through the origin perpendicular to ^ : 
that is, the curve of contact lies in a plane through the centre 
parallel to the tangent plane at the extremity of the diameter 
which is parallel to the given line. 

61, To find the locus of the middle points of parallel chorda 

Let each of the chords be parallel to a, tr the vector to the 
middle point of one of them; then ir+xa^ rr^xa are points in 
the ellipsoid. 

From the first, 

/^ («• + a:a) <^ (w + a;a) = 1 (Art. 56) ; 
i e. Sir^v + 2xS7r<fia + sxfSa^ = L' 
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From the second, 

Sv<f>'n' - 2xSTr<fia + afSatfia = 1 ; 
.'. subtracting, STr<f)a = (1), 

i e. the locus is a plane through the centre perpendicular to <^, 
or parallel to the tangent plane at the extremity A of the 
diameter which is drawn parallel to a. 

If we call this the plane £00, B and being any points in 
which it cuts the ellipsoid ; and if OB = )8, 00 = y, we shall have 

and therefore Sa^fi = 0, 

or a satisfies the equation /Stt^jS = 

of the plane which bisects all chords parallel to OB (Equation 1). 

Let AOO be this plane which bisects all chords parallel to OB, 
Then, since 0(7 or y is a vector in it, 

Sy<f>P = 0, le.SI34>y = 0. 
But we have already proved that 

Sy<l>a = 0, i. e. Sa<fyy = 0, 
because y is in the plane BOG ; 

.*. by equation (1) a, p both satisfy the equation of the plane 
Sir<l}y = 0, which is the plane bisecting all chords parallel to y ; 
that plane is therefore the plane AOB: we are thus presented 
with three lines OA, OB, 00 such that all chords parallel to any 
one of them are bisected by the diametral plane which passes 
through the other two. 

We may term these lines conjugate semi-diameters, and the 
corresponding diametral planes conjugate diametral planes. 

It is evident that the number of conjugate diameters is 
unlimited. 

Cob. We have the following equations : 

Sa<lyy = = SyflHi (2). 

9—2 
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Thej shew that y is perpendicular to both <^a and tf>P, and is 
therefore a vector perpendicular to their plane ; hence, as in 34. 4, 

In the same way, since <fry is perpendicular to both a and p, 
we have 

or, neglecting tensors, we have the following vector equalities : 

7=F<M»A )8=F^cM^y, a=r<f>P<lyY, 
^y = Vafi, 4^P = Fay, fJM = VPy (3). 

Note also 

y<f>''Vap = xV<t>ail>p, 

upon which Hamilton founded his solution of linear equations. 

62, If as in Art 47 we write — xj/ij/p for <^p, ij/p being still a 
vector, the equation of the ellipsoid assumes the form 

5p^(fp)=-i, 

L e. (44) SfpiJ/p = - 1 

{^pY=-T{^pY=-\ (1), 

which, if we put o- = i/rp, becomes Tcr—l, the equation of a sphere. 

Hence the ellipsoid can be changed into the sphere and vice 
versd, by a linear deformation of each vector, the operator being 
the function ij/ or its inverse. 

The equations 

Saff>p = 0, &c. 

now become Saxj/'P = 0, 

i.e. Sil/a\l/P = 0, (fee, (fee (2). 

(1) and (2) shew that i/ro, ij/p, ^ are unit vectors at right angles 
to one another. 

If we term the sphere T<r = l the unit-sphere, we may 
enunciate this result by saying that the vectors of the unit-sphere 
which correspond to semi-conjugate diameters form a rectangular 
system. 
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63. I^fc us now take i, J, k unit vectors along the principal 
axes of Xy y, z; then we shall have 

p = Qsi + jjj'{-zk (1), 

so that for the sake of transformations in which it is desirable 
that the form of p should be retained, we may write 

p = '-{iJSip'hjSjp + kSkp) (2); 

and as ^p is a linear and vector function of p, its vector portions 
along the principal axes will be multiples of 

iSipy jSjpy kSkp ; 

we may therefore write 

_ iSip jSjp kSkp 

*^"~^-~"^"6«""*""7" ^^)' 

the form a* having been assumed in order to make the equation 

Sp<i>p=l 

coincide with the Cartesian equation . 

X' y' z' ^ 

— h — + — = 1 
a' b' c' 

As <l>p = ^ilnl;p (4), 

we require to take xj/p so that performing the operation if/ twice 
on p shall give tiie same result (with a — sign) as performing the 
operation ^ once. 

Now a comparison of equations (2) and (3) will shew that 
the latter operation introduces -j &c. into p; it is evident 

therefore that the former operation {xj/} is to introduce - &c. or 

^iSlp jSjp kSkp\ 



^p^.(^^^jf + !^^ (5). 
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It may perhaps be worth while to verify this result. We have 

o\ a c / 



.a' Sip 



a 



_ /iSip jSjp kSkp\ 
"" \ a* 6" c" / 

9P-99P- a" "*" 6* c* 

=-C-f ■*->-^^-) (^)' 

<tr'p = aHSip-¥VjSjp^c^kSkp (7), 

because ^^"V produces p. 

\lf''^p = ''(aiSip + bjSjp'hckSkp) (8), 

p = i/r~^^p = - (aiSi^p + hjSjiffp + ckShf/p) (9). 

It is evident that the properties of Art. 44 apply to all these 
functions. 

64. Examples. 

Ex. 1. Find the point on an ellipsoid^ tlie tangent plane at 
which cuts off equal portions from the axes. 

Let x^yyZhQ the co-ordinates of the point, p the portion cut 
off, then 

p = xi •¥ yj •¥ zJc 

Now pi, pjy pk are points on the tangent plane ; 

.*. SpUf>p= 1, 
which gives 
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or ~ = 1, 

or 

SiraUarly ^ = 1, 

X y z \ 1 



a» 6* c* jt? ^i« + 6~' + c*' 

Ex. 2. To find the perperidiculcMr from the centre of the 
ellipsoid on a tangent plane* 



^^'=(^i)^ (^''> 



/. ^=(r#)« = -(^p)' = ^+g+?; (Art. 63, 1. 3). 

Ex. 3. To find the locua of the points of contact of tangent 
planes which make a given cmgle with the cuds ofz. 

We have 

SkU{<f>p)^p, 

Sk<l>p=^pT<t>p, 



or 






the equation of a cone whose axis is that of z and guiding curve 
an ellipse whose semi-axes are a', b'. 

The intersection of this surface with the ellipsoid is the locus 
requii'ed. 

Ex. 4. To find the locus of a point when the perpendicular 
from the cent/re on its poUvr plane is of constant length. 

Let TT be the vector to the point, then 

Sp<l>Tr = 1 is the equation of the polar plane (Art. 59), 

and T-r-ia the length of the perpendicular on it (Art. 58) ; 

tpTT 
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.*. *S(^ir)* = — (/*, by the question. 
But since (44) 

if 8 be ^, 

S<fyir<l>v = SirffKJiir = /SW^ V j 

.'. SirKJ^'ir = - (7' is the equation required ; 

hence the Cartesian equation is (63. 6) 

Ex. 5. The sum of the squares of three conjugate semi-dia- 
meters is constant . , > . 

Let a, /3, y be the semi-diameters ; if/a, if/^, xjr/ are rectangular 
unit vectors (Art. 62). 

Now a = - {aiSiij/a + hjSj\l/a + chShl/a) (63. 9) ; 

.-. {TaY = - a* = a" {Si4aY + b'{Sjil;ay + c* (^^S^H'^ 

(T)8)» = a' (Sitl/Pf + b' (Sjil^py + c» (^'A:i/rj8)', 

(ry)' = a» (aS^)' + 6"(*S;i/7)' + c» (^^t/7)* : 

adding, and observing that 

{Sialfay + {Si^jf^y + {Sulr^y = 1 (31. Cor.), 
we get 

, .(ra)" + (T)S)' + (ry)»=a' + 6» + c», 

i.e. a"+b'' + c"=a'+h'+(f. 

Ex. 6. Tlie swm of the squares of the three perpendiculaTs fronh 
ilie centre on three tam^erU planes at right angles to one another is 
constant. 

"We have - . 

p = <l>-'<f>p = a^iSiifip + b'jSj<f>p + (^kSk<f>p (63. 7), 
and <t>P = - {i'Si4>p -^jSji^p + kSk<l>p) (63. 2) ; 

.-. Sp<i>p = 1 = a» {Si<i>py + 6" {Sj<i>py + (f {Sk<i>py 

= {T<t>py {a' {Siu<t>py -h b' {SjU4>py+c'{SkU4>py} ; 
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hence if p, p\ p" be three vectors so that ^p, <f>p\ if>p" are at right 
angles to each other ; that is, so that the tangent planes at their 
extremities are at right angles to one another (57. Cor.), 

11 1 

J + 



{T<t>py {T4>pr {T<t>py 
- -a'{(SiU4>py+(Si(T<f>py'^{^iu<i>py} 
+b'{(Sju<i>py+,„} +... 

=^a' + 6' + cr(31. Cor.). 
But pfrr^y &c. are the perpendiculars from the centre on the 
tangent planes at p, p, p" (58). Hence the proposition^ 

Ex. 7. TJie sum of the squares of the projections of three con- 
jugate diameters on any of il^e principal oases is equal to the square 
ofilwJt axis. 

Let a, P, y be conjugate semi-diameters; then, since 

a = - {aiSinf/a + hjSj\l/a + ckSkil/a) (63. 9), 

JSia = aSiij/a, 

Similarly, Si^ = aSi^P, 

Siy = aSiif/y ; 

.'. {Siaf + {Sl/Sy + {Siyy = a' {{Siil;ay + (Si^jsy + {JSiilr^y} 

= a' (31. Cor.), 

because ij/a, \j/P, \py are at right angles to. one another (62). 

But — Sia is the projection of Ta along the axis of a; J and 
similarly of the others. Hence the proposition. 

Ex. 8. Tlie sum of the reciprocals of the squares of the three 
perpendiculars from the centre on tangent planes at the extremities 
of conjugate diameters is constant, 

Lst 0^1 , Oi/^9 Oy^i be the perpendiculars. 
1 



Oy, 



, = -(<^a)> (58) 

^(^_^(^^(^» (63.3); 
a c ^ ' 
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1 _ {Si^y (Sjpy (Skpy . 

Oy/~ a* b* 0* ' 

Oy;~ a* b* c*' 

Ex. 9. If through a fixed point within an ellipsoid three 
chorda he drawn mutv>aMy at right angles^ the sum of the recipro^ 
cola of (he products of their segments will he constant. 

Let be the vector to the given point ; a, )3, y unit vectors 
parallel to three chords at right angles to each other. 

Then + a:a=p gives 

a quadratic equation in x^ the product of whose roots is 

Siuf>a ' 
.'. the product of the reciprocals of the segments of the chord is 

1 Saif>a 1 

and the sum of the reciprocals of the products of the segments is 

1_ (Sa^ SP^ Sy^l 

Now smce ^a</>a=^ — « "*" A« "** «"^ ^ ' '^ 

the sum of the i*eciprocals of the products 
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•^c- 



?W^ }] 



^e—iQr^l^'-T) (^^•^^^•)- 



se€t>e 

Cor. If be not constant, but S6ff>9 be so, i. e. if the given 
point be situated on an ellipsoid concentric with and similar to the 
given ellipsoid, the same is true. 

Ex. 10. If ths poles lie in a plane pa/raUel to yz^ the poh/r 
planes cut t/ie aads ofx always in the same point. 

Let pi be the distance from the origin of the plane in which 
the poles lie, 8 any line in that plane, then tt =j!?t + 8 is the vector 
to a pole, and 

Sp4>{pi-^h) = l (59) 

the equation of the corresponding polar plane. 

At the point where this plane cuts the axis of x, 

p = xi; 
.'. Spasi<l>i + xSi<li&^l, 

Now 8 is a vector in a plane perpendicular to <^i, 

.-. Si<l>S = S&<l>i = ; 
and Si<l>i ^ constant = n suppose ; 

.*. npx = \y 
which shews that x is constant. 

Ex, 11. A J B and C are three similar amd similarly 
situated ellipsoids; A and B are concentric^ and C has its centre 
on the surface of B. To shew tliat the tangent plane to B at this 
point is parallel to tlie plane o/ intersection of A and C. 

Let a be the vector to the centre of C. 

Sp<f>p='a the equation- of ^, 

Sp<l>p = h B, 

^(p-a)<^(/3-o) = c....,.C. 
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Now at the intersection of A and C, p is tlie same for both ; 
therefore the equation of the plane of intersection is to be found 
by subtracting the one from the other. 

It is therefore 2Sp<f>a = Saff>a -^-a-c; 

and the equation of the tangent plane to B at the centre of C' is 

Sirfjya = 6 ; 

.'. both planes are perpendicular to <^a, and are consequently 
parallel. 

Ex. 12. If through a given point chords he dratvn to an 
ellipsoid, the intersections o^ pairs of tangent planes at their ex- 
tremities all lie in a plane parallel to the tangent plane at the 
extremity of the diameter which passes through the point. 

Let a be the vector to the point ; a + x^P, a + xj^, the vectors 
to the points of intersection with the ellipsoid of chords parallel 
to P ; then 

Sirtfi (a 4 xfi) = 1, 

^ir<^(a + a;,^) = l, 

are the equations of the tangent planes at these points. 

At the intersection of these planes tt is the same for both ; 
.'. subtracting we get 

Sirtf^p = 0, 
S7r<f>a = 1 . 

The last equation is that of the line of intersection of the tan- 
gent planes; and that line is perpendicular to <f>a, or (57. Cor.) 
parallel to the tangent plane at the extremity of the diameter 
which passes through the given point. 

Cor. SirfjiP = shews that the line of intersection correspond- 
ing to any one chord is parallel to the tangent plane at the 
extremity of the diameter which is parallel to that chord. 

Ex. 13. Two similar and similarly situated ellipsoids are cut 
by a series of ellipsoids similar and similarly situated to tJhe two 
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gir^en ones ; and in stick a manner that the planes of intersection 
are at right angles to one another. Shew Hiat the centres of the 
cutting ellipsoids lie on anot/ier ellipsoid. 

Let Sp<t>p = l (1), 

S(p-a)<l>{p-a)^C (2), 

be the given ellipsoids; 

S{p-ir)4>(p-ir) = x (3), 

one of the cutting ellipsoids. 

^ is the same for all because the ellipsoids are similar. 

The piano of intersection of (1) and (3) is found by subtracting 
the equations ; and is therefore 

2/Sp<^7r = /Sttc^tt + 1 - a;. 

The plane of intersection of (2) and (3) is 

2Sp {<f}Tr — <f>a) = SirffiTT — Sa<l>a + — a. 

The former of these planes is perpendicular to ^tt and the latter 
to <^7r - «^a ; and, since by the question, the former is perpen- 
dicular to the latter, ^tt is perpendicular to <^7r - <^a, 

.'. S<l>Tr {<f>ir - <^a) = 0, 

the equation of the locus of the centres of the cutting ellipsoids. 

This equation will be reduced to the requisite form by ob- 
serving that 

S<l>7r€l>a = SaKJi^TT ; 

.-. S (w - a) <l>'ir = 0, 

the equation of an ellipsoid of which the semi-axes are propor- 
tional to 

a", b% c' (63. 6). 

The Cartesian equation is 
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Ex. 14. If a tangent plane he drawn to the inner of two 
fimUar concentric and similarly sittiated eUipsoida the point of 
contact is tlie centre of the elliptic section of the outer ellipsoid. 

Let Spffip = 1 be the equation of the inner^ 

a'Sp<f>p = 1 of the outer ellipsoid. 
The tangent plane is Sirfl>p = 1. 

Kow if o- be the vector to the elliptic section ineasured from 
the point of contact, n* = p + o- is a point in the outer ellipsoid ; 

.% a*S{p + <r) <^ (p + a) = 1. 
But Scr^p = (57. Cor.) ; 



a' 



the equation of an ellipse of which the centre is the point of 
contact. 

Ex. 15. Find the equation of the curve described hy a given 
point in a line of given length whose extremities move in fixed 
straight lines, 

Eirst, let the straight lines lie in one plane. 

Let unit rectors parallel to them be a, p. 

Let the vectors of the extremities of the moving line be 
xa, yP, and its length I, Then the condition is 

{yp-xay = ^l% 

or af'¥if + 2xySal3 = P (1). 

The vector to a point which divides this line in the ratio 

e : 1 is 

p = xa + e {yP — osa) 

= aa(l -e) + eyP; 

.'• Sap = ~ (1 - «) a; + eySafi, 

SPp = {\-e)xSaP''ey', 
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which values being substituted in equation (1) give the required 
equation, viz. : 

(Sap + Sal3Sppy {SI3p + SapSap)' 
(1 - ey "^ 6* 

■^2j^^{Sap-hSal3SPp){SPp-^SapSap) 

But p is subject to the additional condition (31. 2. Cor. 2) 
/S'. a)3p = ; and the locus is a plane ellipse. 

When the given straight lines are at right angles to one 
another, the equation is much simplified^ for 

and our equations are 

Sap = - (1 - «) ar, S^p = - ey ; 

whence (^op)' (S^pY _ 

wnence (l-ef^ e* ~^' 

an ellipse of which the semi-axes are le and / (1 — e). 

Generally, if the given lines do not meet, let the origin be 
chosen midway along the line perpendicular to both; then we 
have 

{y + xa-(-y + },P)Y = -l', 

y and — y being the vectors perpendicular to the lines, 

p = (y + aa)(l-6) + e(-y + y^). 

TJie first gives 

4/+(a;a-y/3)« = -.Z»; 

and the second gives, as in the simpler case above, 

Sap = -{l'-e)x-¥e7/SaPf 

Sfip = {I -- e) xSaP " ey. 



144 QUATERNIONS. [CHAP. VIII. 

Hence tbe elimmati<m of x and y again leads to the equation 
of an ellipsoid, the only difference being that P is diminished bj 
the square of the shortest distance between the lines; le. the 
axes are less than in the former case. 

In the extreme case, where l=^2Ty, the equation cannot be 
satisfied except b j 

aj = 0, y = 0, 

(i.e. the locus is reduced to a single point), unless indeed we have 

for then a; = ±y, . 

and the locus is a straight line parallel to each of the preceding 
lines. 

65, ^Ae cone. 

1. To find the equation of a cone of revolution whose vertex 
is the origin 0. 

Let a be a unit vector along the axis OA, 

p the vector to a point P on the surface of the cone ; 

then Sap = •- Tp COB 0, 

$ being the angle POA. 

But this angle is constant^ 

.". S'ap = (^p* is the equation required. 

2. The equation of a cone which has circular sections, but 
which is not necessarily a cone of revolution, is thus found. 

Take the vertex as the origin, and let one of the circular 
sections be the intersection of the plane 

Sap = ~a' , (1) 

with the sphere p' = Spp : (2). 

Since these are • scalar equations we may multiply them together ; 
and thus obtain at all the points of the circular section 

ay + SapSpp = (3). 



\ 
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Kow if xp or p be written in place of p, the equation is not 
changed, since p occurs twice on each side. It is therefore the 
required equation of the cone. 

Cor. 1. Every section by a plane parallel to Sap = - a* is a 
circle. 

For the equation of a plane parallel to 

Sap = — a' 
is Sap — — aa'y 

which being substituted in the equation of the cone gives 

p- = aSPp, 
the equation of a circle. 

CoR. 2. The plane Spp = -h^ (4) 

also gives a circle whose equation is 

ay = b^Sap (5). 

These two equations give the auhcontrary sections. 

To deduce the relation between the two sections ; let be the 
vertex of the cone, OAB the plane through a, )8 ; AB the line in 
which the section cuts this plane, AD that in which the sub- 
contrary section cuts it ; 

OA=p, OB = p\ OD = xp\ 

We have, by (5), xp^ = -V Sap 

= -6)?,by(l), 
= SPp, by (4), 
= P\ by (2) ; 
i.e. OB.OD = OA\ 

and the triangles OABj OAB are similar, or AB cuts OA at the 
same angle that AB cuts OB^ 

66. If ^9 = 2aV + aS^p + ^Sap, 

the equation of the cone is reduced to 

Sp^p = 0, 
T. Q. 10 
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It is evident that all the properties of ^p, Aiii. 44, are appli- 
cable hera 

As in Art. 57, the equation of the tangent plane is 

JSirif>p = 0. 

57. Examples. 

Ex. 1. Tangent planes are drawn to on eUipaoidfrom a given 
external point, to find the cone which has its vertex at the origin 
[the centre of the ellipioid], and which paseee through aU the points of 
contact of the tangent planes with the ellipsoid. 

Let a be the vector to the external point, p a point in the 
ellipsoid where a tangent plane through a touches it. 

Then the equation of the ellipsoid is 

Sp^^p = 1, 

and the equation of the tangent plane 

Sasf>p= I9 Le. Sp<f>a = 1. 

The equation 

Sp^^p = {SpffMy, 

represents a surface passing through the points of contact; and 
is the cone required. [For it is homogeneous in Tp.] 

Ex. 2. Of a system of three rectangular vectors two are con- 
fined to given planes, to find the surface traced out by the third. 

Let TT, p, o- be the three vectors, of which two are confined to 
given planes whose equations are 

Sair^O, SPp = 0, 
to find the locus of o*. 

Since the vectors are at right angles, we have 

Sirp^O, Sir<r=0, Sap = 0, 
and we have five equations from which to eliminate ir and p. 
Since JSair = 0, Sair = 0, 

IT is at right angles to both a and cr, and therefore to the plane 
a<rj or 

7r = xVaa; 
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Since Sfip = 0, S<rp = 0, 

p is at right angles to the plane fia", therefore 

and irp^^xyVaxrVpo'. 

Now Swp = 0, 

therefore 8 . Vaa- VP<r = 0, 

or S {a<r - Saa) (P<r - S/Sa) = 0, 

or a^SaP - S(urSp<r = 0, 

the equation of a cone of the second order, which has circular 
sections (65. 2). 

Cob. The circular sections are parallel to the two planes to 
which the two vectors are confined. 

Ex. 3. Tlie equation p = t'a + u'/S + {t + uy y is that of a cone 
of the second order totiched hy each of the three pkmes through 
OAB, OBGj OCA; and the section ABC through the extremities of 
a, p,y is an ellipse touched a^ their middle points hy AB, BG, CA, 

1. If the surface be referred to oblique co-ordinates parallel 
to (I, )S, 7 respectively, we shall have 

p= xa + yP + zy, 
therefore x = t'y y^u% z-(t + u)', 

or z = {Jx + Jyy = x + y + 2jocy, 

which gives (z-x-yY = ^xy, 

a cone of the second order. 

2. li t=-'U, the equation becomes 

p = f{a + P), 

the equation of a straight line bisecting the base AB, which since 
it satisfies the equation relative to ty shews that this line coincides 
with the cone in all its length; i.e. the cone is touched in this 

» 

line by the plane OAB, 

Similarly, by putting < = 0, w = respectivBly, we can shew 
that the cone is touched by the plane BOG^ COA in the lines 
which bisect ilC, CA 

10—2 
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3. Hestricting ourselves to the plane ABG^ we have the 
section of a cone of the second order enclosed by the triangle 
ABG^ which triangle is itself the section of three planes each of 
which touches the cone. 

Ex. 4. The eqiuUion p= aa-hhp+cy with tJie condition 
ab + hc + ca=() is a cone of the second order ^ cmd the lines OA, OB, 
OG coincide throughout their length with tlie surface, 

1. It is evident that the equation gives 

xi/ + t/z + zx = 0, 

2. That if 6=0, c = 0, the question is satisfied by 

p = aa, 
whatever be a, therefore <&c. 

Ex. 5. Find the locus of a point, the sum of the squares of 
whose distances from a nurnber of given planes is constant. 

Let aS^8^Pj = (7j, SS^^=G^, <fec. be the equations of the given 
planes, p the vector to the point under consideration; then x^S^y 
iCjSj, &c. will be the perpendiculars on the planes from the point ; 
provided 

p + x,S,=p^, p + a;,83=p„ &c.j 

therefore SS^ (p + x^B^) = Cj, &c. 

and ^iK = ^1-^^99 ^c-> 

xX={G,-s8,py; 

i.e. the square of the line perpendicular to the first plane from 
the given point 

_ / g. - SS,p V 

and, by the question, 

(^^^)'+ (^f^)'+&c.. is constant. 

The locus is therefore a surface of the second order. 
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Ex. 6. The lines which divide proportionally the pairs of 
opposite sides of a gauche qtiadrilateral, are the generating lines 
of a hyperbolic paraboloid. 

Let ABGD be the quadrilateral. 

ADy BC are divided proportionally 
in P and R. ^/—Tq 1p 

Let CA = a, CB = p, GD = y', 
CR = mPy DP = mDA', 
i. e. CP— y = m (a — y); 

therefore -ffP = (7P - (7^ = y 4- m (a - y) - m)9, 

p = CQ^CR +pRF 

= mp+p{y + m(a-y)'-ml3\ 
^QCa + yp + zy, say; 
therefore x =pm, y-m —puny » = |? (1 — m); 

therefor^ m^x-^-y^ p = , 

x-hy 

X 

Z = Xy 

x + y 
or {x + «) (aj + y) = Xy 

the equation referred to oblique co-ordinates parallel to a, j8, y. 

Pascal's Hexagram. 

68. I^et be the origin, OAy OBy 00, 02), OE five given 
vectors lying on the surface of a cone, and terminated- in a plane 
section of the cone ABODEFy not passing through ; OX any 
vector lying on the same surface. 

• • ■ 

Let OA = QL, OB = Py Oa = y, Oi>=8, OE=€y OX=p. 
The equation 

s.r{rapv8€)r{rpyr€p)r{rysrpa)=o ..(i). ' 

m 

is the equation of a cone of the second order whose vertex is 
and vector p along the surface. For 
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1. It ifl a cone whose vertex is because it is not altered 
by writing xp for p. Also it is of the second order in p, since p 
occurs in it twice and twice only. 




2. All the vectors OA, OB, OG, OD, OE lie on'its surface. 

This we shall prove by shewing that if p coincide with any 
one of them the equation (1) is satisfied. 

If p coincide with a, the last term of the left-hand side of the 
equation, viz. Ypo^ becomes Foa = Fa' = 0, and the equation ia 
satisfied. 

If p coincide with )3, the left-hand side of the equation be- 
comes 

S. F(Fa/?F8c) 7{YPyV€P) F(Fy8F)9a) (2). 

Now F(F/?yF€/?) = - ViVefiVpy), (22. 2), is a vector parallel 
to P (31. 3), call it m^; and 

F. {F(Faj8F8€) r{Vy&rpa)}= r. {F(Fa^F8€) F(Fa)9Fy8)}, (22. 2), 

= a multiple of Vap, (31. 3), 

= wFaj8, say. 



I " '^ " -■- 
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Hence the product of the first and third vectors in expression 

(2) becomes 

scalar + n Faj5, 

and the second is mp; therefore expression (2) becomes, hy 31. 2, 

S • (scalar + n Vap) mfi 

= 0, 

because Vafi is a vector perpendicular to )9. 

Equation (1) is therefore satisfied when p coincides with )3. 

If p coincide with y both the second and third vectors are 
parallel to ^ (31. 3); therefore their product is a scalar, and equa- 
tion (1) is satisfied. 

The other cases are but repetitions of these. 

Hence equation (1) is satisfied if p coincide with any one of 
the five vectors a, j8, y, 8, c; Le. OA, OB, OC, OB, OE are vectors 
on the surface of the cona 

3. Let F be the point in which OX cuts the plane ABODE; 
then ABCDEF are the angular points of a hexagon inscribed in 
a conic section. 

4. Let the planes OAB, ODE intersect in 0P\ OBG, OEF 
in OQi 00 D, OF A in OR; then 

V. VapVB€ = mOP, (31. 4), 

F. VPyVtp^nOQ, 

V. rySVpa=pOB; 
therefore 

S. r{Val3n€) V{rpyr€p) V {VyhVpa) = mnpS{pP.OQ.OR)\ 

hence equation (1) gives 

S{OP.OQ.OR) = 0, 

or (31. 2. Cor. 2) OP, OQ, OR are in the same plane. 

Hence PQR, the intersection of this plane with the plane 
ABODE F is a straight line. But P is the point of intersection 
of AB, ED, &c 
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Therefore, the opposite sides (1st and 4th, 2iid and 5th, 3rd 
and 6th) of a hexagon inscribed in a conic section being produced 
meet in the same straight line. 

Cor. It is evident that the demonstration applies to any six 
points in the conic, whether the lines which join them form a 
hexagon or not. 

Additional Examples to Chap. VIII. 

1. Find the locus of a point, the ratio of whose distances 
from two given straight lines is constant. 

2. Find the locus of a point the square of whose distance 
from a given line is proportional to its distance from a given 
plane. 

3. Prove that the locus of the foot of the perpendicular from 
the centre on the tangent plane of an ellipsoid is 

(axY + {hyY + {czy = (x» + y* + »»)•. 

4. The sum of the squares of the reciprocals of any three 
radii at right angles to one another is constant. 

5. If (>y„ Oy,, Oy^ be perpendiculars from the centre on 
tangent planes at the extremities of conjugate diameters, and if 
Q\^ Qaf Qa ^ *^® points where they meet the ellipsoid; then 

1 1 1 1 1 1 



OY^\OQy OY^'.OQ; 0Y^\0Q; a' ' b* c* 

6. If tangent planes to an ellipsoid be drawn from points in 
a plane parallel to that of xy, the curves which contain ajl the 
points of contact will lie in planes which all cut the axis of z 
in the same point. 

7. Two similar and similarly situated ellipsoids intersect 
in a plane curve whose plane is conjugate to the line which joins 
the centres of the ellipsoids, 

8. If points be taken in conjugate semi-diameters produced, 
at distances from the centre equal to p times those semi-diameters 
respectively; the sum of the squai*es of the reciprocals of the 
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perpendiculars from the centre on their polar planes is equal to jo' 
times the sum of the squares of the perpendiculars from the 
centre on tangent planes at the extremities of those diameters. 

9. If P be a point on the surface of an ellipsoid, P-4, PB, 
PC any three chords at right angles" to each other, the plane 
ABO will pass through a fixed point, which is in the normal to 
the ellipsoid at P; and distant from P by 

2 

P 

111' 
• — + — + 



a» 6« c' 

where p is the perpendicular from the centre on the tangent 
plane at P. 

10. Find the equation of the cone which has its vertex in 
a given point, and which touches and envelopes a given ellipsoid. 



CHAPTER IX. 

FORMUL-ffi AND THEIR APPLICATION. 

69- Products of two or more vectors. 

1. Two vectors. The relations which exist between the 
Bcalars and vectors of the product of two vectors have ah*ead7 
been exhibited in Art. 22. We simply extract them : 

(a) SaP = SPa. (6) VaP^^V/Sa. 

(c) aP-k-Pa=2Sap. (d) a/? - jffa = 2 Faj^. 

These we shall quote as formulae (1). 

2. We may here add a single conclusion for quaternion 
products. 

Any quaternion, such as afi, may be written as the sum of 
a scalar and a vector. If therefore q and r be quaternions, we 
may write 

q=Sq-{-Vq, 
r = Sr+Vr; 
therefore qr = SqSr -hSqVr-h Sr Vq + Vq Vr, 

and S.qr = SqSr -^S.Vq Vr, 

V.qr = SqVr-\-SrVq + r.Vqrr, 

where S.VqVr is the scalar part, and V.VqVr the vector part of 
the product of the two vectors Vq, Vr. 

If now we transpose q and r, and apply (a) and (5) of for- 

muke 1, we get 

S.qr^S.rq 1 

r. qr + r. rq=2 {Sq7r ■¥ Sr7q)i ' ^''^' 
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3. Three vectors. By observing that S.ySafi is simply the 
scalar of a vector, and is consequently zero, we may insert or 
omit such an expression at pleasure. By bearing this in mind 
the reader will readily apprehend the demonstrations which 
follow, even in cases where we have studied brevity. 

S.apy = S.{Sap + VaP)y 

= /S'.yFa)9, (byl.a), 

= S.y{SaP+Vap) 

= S.yap (3). 

Again, S.apy = S.a (S^y+Vpy) 

= ^(Fi8y.a),(byl.a), 

= S{Sfiy + VPy)a 

= S.Pya (3). 

The formulse marked (3) shew that a change of order amongst 
three vectors produces no change in the scalar of their product, 
provided the cyclical order remain unchanged. 

This conclusion might have been obtained by a different pro- 
cess, thus : 

In (2) let q = aPf ** = y> there results at once 

Again in (2) let g' = ya, r = p, there results 

We have therefore, as before, 

S.apy=S.yaP = S.pya (3). 

4. S,aPy = S .aVpy 

= -^.aFy)9, (by 1.5), 

--S.ayP (4). 

Similarly S .a/Sy^- S. ^ay (4), 

or a cyclical change of order amongst three vectors changes the 
sign of the scalar of their product. 
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5. It has already been seen (Art. 31. 1) that —S, aj8y is the 
volume of the parallelepiped of which the three edges which 
terminate in the point are the lines OA, OB, OC whose vectors 
are a, )8, y respectively. 

We may Express this volume in the form of & determinant, 
thus : 

Let a, )S, y be replaced by 

xi + yj + zk, xi + y'j + z% x"i + y"j + z''k (Art. 31. 5) ; 

X, y, z being the rectangular co-ordinates of Ay x', y\ t! those of B, 
x'\ y", z" those of (7, measured from as the origin ; then 

S, a)3y = S, {xi -^-yj +zk) 

X {x'i -^-y^j + z'k) 

x{x"i + y"j + z''k). 

Now if we observe first that the scalar part of this product is 
confined to those terms in which all the three vectors t, j, k 
appear ; and secondly that the sign of any term in the product 
will by formulae (3) and (4) be — or + according as cyclical order 
is or is not retained, we perceive that we have the exact con- 
ditions which apply to a determinant : therefore 

fS , a)8y = — 

(5). 



X, 


y » 


z 


«', 


V, 


z' 


«", 


y", 


z" 



The volume of the pyramid OABQ is one-sixth of the above. 

Xote relative to the sign of the scalar. 

Since i;^ = - 1 (19), it is clear that if OA, OB, OC assume the 
positions of Ox, Oy, Oz in the figure of Art, 16, S {OA . OB* 00) 
will have a mimis sign, whilst the order of the letters A, J5, C is 
right-handed as seen from 0. 

If now we take any pyramid whatever OABC, of which the 
vertex is 0, and assume thsi.t S {OA . OB . OC) (which, being pro- 
portional to the volume of the pyramid, we may designate OABC), 
is negative when the order of the letters A, B, C is right-handed 
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as seen from 0, we shall find the following general law of signs to 
hold good whatever be the vertex ; viz. the sign of the "scalar is 
' minus or plies according as the order in it of the angles of the base 
of the pyramid is right-handed or left-handed as seen from the 
vertex. 

For example, CABO=S {CA . GB . CO) 

= -SaPy 

= - OABC, 

which is plus because OABC is minuSy and the order of the letters 
Ay By as seen from C is left-handed. 

6. V.apy = r.a{SPy + VPy) 

= aSpy + V.arpy; 
V.yPa = V.(Syp^VyP)a 

=aAS^y-r.aFyi8, (1. 6), 
= a^)8y+r.aFi8y,(l. 6), 

= F.ai3y (6). 

7. r.aPy = r.{SaP+VaP)y 

= ySaP -V. yVap ; 
r.yaP^r.yiSap'hVap) 
=:ySafi+r.yVal3; 

therefore . F. o/?y+F. ya/?=2y&/? (7). 

8. 2 F. a F/?y = F. a (jSy - y/3), (1. d), 

= F. a/?y +F. ya)8- (F. ay/? + F. yaj8) 
= F(a/?y + i8ay)-F(ay)3 + ya/3), (by 6), 
=F. {ap + j8a) y - F. (ay + ya) jS 
= 2ySal3 - 2l3Sayy (1. c); 
therefore f.aVpy^ySa^r-pSay., (8). 



158 QUATERNIONS. [CHAP. IX. 

9. We have, by (8), 

F. aFjSy = ySaP - fiSay, 
V.pVya^aSpyySaP, 
F, yFa/3= ^^ay- cuS/Jy ; 

therefore, by addition, 

F. (aF)8y + /3Fya + yFaj3) = (9). 

10. F. o^y = F. a {Spy + F/3y) 

= cuSl(?y+F.aFj3y, 

which, by (8), = aSfiy - jS.S'ay + ySap (10). 

Another proof of this important formula is found in the 
identity 

^(a)9y + y/?a) = ia03y + y^)-^^(ay + ya) + |y(a)8+M 
which, by (4) and (6), is the theorem itself. 

11. If in (8) we write Yap in place of o, we get 

F. Vaprpy = yS(Vap.p)-pS{rap.y) 
^yS.app-pSaPy 
^--PS.aPy (11). 

12. Four vectors. If in (8) we write Fa8 in place of a, we 
obtain 

r {raSrPy) = yS . aZp- pS.a&y (12). 

13. By (12) we have 

F (FjSy Fa8) = iS . )3ya - aS. pyS. 

But F(Fi8yFa8) = - F(Fa8F^y). 

Hence, by adding the above result to (12), we get 

SS.Pya-'aS.pyS + yS.a^P''PS.aSy = 0, 

which, by (3) and (4), if we adopt alphabetical order, may be 
written 

aS.pyB'-pjS.ayB + yS.aP&-SS.aPy=0 .(13), 

or hS.apy = aS.pyS-pS.ay8'{-yS.apS (13), 



ART. 69.] FORMULA AND THEIR APPLICATION. 159 

or, again, if we adopt cyclical order, 

aS.pyS-SS. afiy + yS. 8a)9 - jSaS' . ySa, 
or, finally, 8^. afiy = aS . py& - jSS . ySa -{■ yS . Sa^ (13). 

This equation expresses a vector in terms of three other 
vectors. The following equation expresses it in terms of the 
vectors which result from their products two and two. 

14. F(y8aj8) may be written, first as F(y . 8a)S), and secondly 
as r(y8 . ajS), and the results compared. These forms give re- 
spectively 

F(y.8a)8)=r.y(AS^.8aj8+F.8a)8) 

= yS.al38+V. yi^SaP - aSSfi + fiSBa), by (3) and (10), 
= yS . a)38 + Vy&Sa/3 - FycuS'Sjg + FyjS^Sa ; 

F(y8. a/3)= F. (AS'y8+ Fy8) (*^a^+ Va^) 

= Fa^.^y8 + rySSaP+ F. Fy8Fa)8 
= Val3JSyS+ Fy8&^- F. Fai3Fy8 
= VafiiSyB + VyhSap - BS . a)8y + y.S'. aj38, by (12). 

The two expressions being equated, and the common terms 
deleted, there results 

8>S'.a^y= Fa/3>SV8+ VI3ySa8 + VyaJSfiS (14). 

15. S. a/?y8 = S. {S. a)8y + F. ajSy) 8 

= ^.(F. aj8y)8 

= S . {aSPy - l3Say + ySa^) 8, by (10), 

= SapSyS-SayS^8 + SahSPy.. (15). 

16. S{rapryh) = S. (aP-Safi) (y8->S'y8) 

= ASf.a)8y8-AS'a)8>S'y8 

= Sa^Spy^SaySp8,hY{l5) (16). 

17. S.aPy8^S.{rapy)S 

= S.WaPy 

= S.^Py (17). 
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» 
18. Five vectors. As we do not purpose to exhibit anj 

applications of the relations which exist among five or more 

vectors, we shall confine ourselves to simply writing down the two 

following expressions. 

F.a/?y8€= r.€iypa., (18). 

70. Many of these formulae might have been proved differ- 
ently, and some of them more directly, by assuming for instance 
that a, )9, y are not in the same plane. In this case any other 
vector 8 may be expressed in terms of a, P, y, by the equation 

8 = a:a + yj3 + «y, (31. 5); 

therefore S. pyS=^xS. pya = xS. a^Sy, (3), 

S.ySa = yS.yPa = -l/S.aPy,{i), 
S.Sap = zS. yaj3 = zS. apy, (3) ; 

therefore 8aS' . afiy = xaS . a)8y + yPS . a^y + zyS . a)9y 

= aS.PyS-pS.yha + yS. 8tt^ 
which is formula 13. 

71. Examples. 

Ex. 1. To express the relation hetioeen the sides of a spherical 
triangle and the angles opposite to tliem. 

Betaining the notation and figure of Ex. 2, Art 29, we shall 
have 

Vap VPy = y' sin c . a' sin a, 

where y', a' are unit vectors perpendicular respectively to the 
planes OAB, OBG. 

Therefore F. Fa)8F/Sy = sine sin a. jff sin -ff. 

Also ^ pS . aPy = )8 sin c sin <^, (31. 1), 

where ^ is the angle between OG and the plane OAB, 

Kow these results are equal (formula 11), therefore 

sin ^ = sin a sin B, 
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Similarly sin ^ = sin 6 sin -4 ; 

therefore sin a sin -ff = sin h sin Ay 

or sin a : sin6 :: sin -4 : sin ^. 

Ex. 2. To find the condition that the p&rpendictdars from the 
angles of a tetraJiedron on the opposite faces shall intersect one 
a/nother. 

Let OAi OB, 00 be the edges of the tetrahedron (Fig. of Art 
31), a, )8, y the corresponding vectors. 

Vector perpendiculars from A and B on the opposite faces are 
^i^y» ^yot respectively (22. 8). If these perpendiculars intersect 
in G, the three points A, B, G will be in one plane, whence 

S. (/3-a) F^yFya= (31. 2, Cor. 2), 

i.e. S. (p-a) r. r^yFya= 0. 

Now F. F/?yFya = - y>S^. /?ya (Formula 11), 

therefore ^ . (/3 - a) F. F)8y Fya = - (.S^Sy - ;^ay) S . Pya. 

Hence Spy = Say. 

Now BC'-\-OA' = {y-'Py-ha!' 

= a'-h^-\-y'-2SPy 
= a'-hp'-^y'-2Say 
= (y-a)« + )8- 

= AO' + OB'. 

Consequently the condition that all three perpendiculars shall 
meet in a point is that the sum of the squares of each pair of 
opposite edges shall be the same. 

CoR. Conversely, if the sum of the squares of each pair of 
opposite edges is the same, the perpendiculars from the angles on 
the opposite faces will meet in a point. 

Ex. 3. If P he a point in the face ABC of a tetrahedron, 
from which are dravm Fa, Ph, Pc, respectively parallel to OA, 
OB, 00 to meet the opposite faces OBC, OCA, OAB in a, h, c; 
then tviU 

Pa Ph^ ^^-i 

OA'^OB'^ 0C~ 

T.Q. 11 



162 QUATERNIONS. [CHAP. IX. 

Ketaining the notation of the last examples, let 0P=^, 
Pa = -jca, I^b = -yPf Pc = -«y; then 

Now because P, A, B, C are in the same plane 

^.(8-a)(a-i8)()3-'y) = 0, 

i.e. iS.8{a)8 + )8y+ya)=6^.o/}y (1) ; 

and because 0, a, B, C are in the same plane 

AS'.(8-aja)/}y = 0, 
i.e. xSaPy^S.Spy (2) ; 

also because 0, A,h, C are in the same plane 

S.{S-yp)ya = 0, 
i.e. yS . Pya = S . SyOf 
or, by formula 3, yS . aPy = S, 8ya (3); 

lastly, because 0, A, By c are in the same plane 

iS'.(8-«y)a/5 = 0, 
Le. zS.yaP = S.Sap, 
or zS.apy = S.Sap (4). 

Adding (2), (3), and (4) there results 

(x + y'hz)S . aPy = S . SPy -^S . Sya + S .Sap 

= ^.a)Sy,by(l), 

therefore « + y + a = 1 : 

Pa Ph Pc 
hence OA'^ OB'^OG^^' 

Cob. 1. If P be in the plane ABO produced below the plane 
OBCj Pa as a vector will have the same sign as OA has; hence 
in this case we shall have 

Pa Pb Pc^ 
OA"^ OB^ OG 
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Cor. 2. If P be outside both the planes OBC^ OCA ; we 

shall have 

_Pa_Fb^ Pc^ 
OA OB'^ 0C~ 

Ex. 4. Any point Q is joined to the cmgula/r points A, JB^C^O 
of a tetrahedron, and the joining lines, produced if necessary^ , 
meet the opposite faces in a, h, c, o ; to prove that 

Aa Bb Gc Oo" ' 
rega/rd being had to the signs of Aa, Bb, &c,, as in the last exa/mple, 

IjetQA=a,QB = P, QG = y, QO = S; Qa = aa, Qb = bp, Qe = cy, 
Qo = d8: then since the points a, b, c, o are in the planes BCO, 
AGO, ABO, ABG, respectively, we have, as in the last example, 

aS.a(fiy + yS+Sp)=-S.PyS, 

le. aS . {a^y -^ ayh+ aSp)-S . pyS = (1), 

bS. {l3ay + py8 + p8a)-S. ay8 = (2), 

CiS^ . (ya)8 + 7j8S + y8a) - /S . aj88 = (3), 

dS . {daP -^ SPy + Bya)- S . apy=0 (4). 

Now, if we write 

S.apy=x, S.ayS = y, ^.o8j8 = «, S.fiyS=:u; 
and apply the formulse 3 and 4, we get 

{Ks + ay + az-- u = 0, 

— 6aj— y — 6« + 6it = 0, 
cx-hcy+ « — ct4 = 0, 

- aj-c?y-cfe + c?u=0, 

a d 

which give t^-^j — t** = 0> / 

a— i o— 1 



a ^ A 



11—2 
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c-1^ 6-1 
e d 



x^^—.z = Oi 



c-1 <^-l 

and, therefore, r + 1 — - + = + -= — . = 0, 

' a-l 6-1 c-1 a— 1 

a h c ^ _ 1 

^a Qh Qc Qo - 

or -^— + - — + — — I- -^ = 1, 

Aa M Cc Oo 

Ex. 5. 7/" <u?o tetrahedra ABCD, A^FCIf are so sUuaUd that 
the straight lines, AA\ BE, CC\ DB' all meet in a point, the lines 
of intersection of the planes of corresponding faces shaU all lie in 
the same plane. 

Let A' A, EB, CO, L'D meet in 0. 

OA^a, OB = p, OC=y, OD=.B, 
OA'^ma, OE^nP, OC=py, OB'^^^qS. 

The equation of the plane ABC is (34. 5) 

Sp (raP-\- VPy+ Vya)=S. a)8y, 
and that of A' EC becomes, afler dividing both sides by mnp^ 

The vector line of intersection of the two planes is (34. 9) 
r. ( VaP + FjSy + Fya) (1 Vafi + ^ T/Sy + 1 Tya) , 
i.e. by formula (11), omitting the common factor S. o)8y, 

\n pf \p mj'^ \m n/ ' 

From this expression the vectors of the intersections of the 
other planes may at once be written down. 



i.. 
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Thatof^J5/>, ^'^'i>'is 

\n qj \q m/'^ \m nj 
thsitof AC D, A' CD' ia 

\p qJ \q mj ' \m pj ' 
and that of BCB, B'C'D' 



\p q) \q n)^ \n p) 



Now to prove that any three of these lines lie in the same 
plane, all that is necessary is to prove (31. 2, Cor. 2) that the 
scalar of the product of their vectors equals 0. 

If we take the vectors of the first three, we may write then) 
under the form 

cui + bp + cyy a'o + 5'/3 + cS, a 'a + by - 68, 

respectively ; so that the scalar of their product is 

/y . (aa + 6)5 + cy) (a a + b'^ + cS) (a"a + 6'y - 68). 

Now the coefficient of every different scalar in this product is 
separately equal to 0. That of S . aj3y for instance is, omitting 
the common factor 6', 

\n pJ \q mJ \m nj \p qJ \j> mJ \n qJ ' 
in which ever, tenn vanishes. 

That again of S , jSyS is 

- 6c6' + c6'6, 

which is ; and so of the rest. 

Hence the intersections, two and two, of the first three pairs 
of planes lie in the same plane ; and the same may be proved in 
like manner of any other three : whence the truth of the pro- 
position. 
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Ex. 6. GPf CD are conjugate semi-diameters of an ellipse^ 
€u also CPy Ciy ; PP', DD' are joined; to prove thai the area of 
the triangle PGP' equals that of the triangle DCiy. 

Let o, /?, a , )8' be the vectors CP, CB, GP', Gl/ ; k a unit 
vector perpendicular to the plane of the ellipse. 

Since 

a «= tp'^if/a = — (aiSuf/a + h^Sjij/a), &c., &c. (47. 5), 

therefore Vaa=V, (aiSuj/a + hjSjij/a) {aiSifa' + l^jSj^j/a') 

= ahk (Siil^aSjij/a —Sjij/aSiilfa) 
= - ahkS . k V (i^cM^a ). (Formula 1 6.) 

Similarly 7/3)8'= - ahkS. kV {il/^ipP'). 

Now ^a, xj/fi are unit vectors at right angles to one another; 
as are also ij/a, xf/P^ ; therefore the angle between tj/a and ij/a is 
the same as that between xj/P and if/p'. 

Hence S . kV (ij/ail/a) = S . kV (il/jiil/p^), 

and Faa'=r/3)8', 

Le. area of triangle PGP'= that of triangle BCD', 

Ex. 7. If a parallelepiped be constructed on the semi-eon- 
jttgate diam^eters of an ellipsoid, the sum of the squares of the areas 
of the faces of the parallelepiped is equal to the sum of the squares 
of the faces of tlie rectangiUar parallelepiped coTistructed on the 
semi-axes. 

By 63. 9, a = - {aiSul/a + hjSjil/a + ckSkif/a) 

P = - (aiSi^P + IjSjilfp + ckShlfP) ; 

therefore Vap = ahk {Si\lfaSj^P - Siij/pSjil/a) 

+ acj (Sul/aSkxI^P - Sixl/pShj/a) 

+ bci {Sjil/aJShl/P-SjippSkij/a). 

Now Siil/aSjil/P''SulfPSjil/a = Srijril/p\lfa, Formula (16), 

= ''Skfy, (Art. 17); 
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therefore Vafi = - (abkSkij/y + acjJSj\l/y + hciSiil/y), 

Fya = - (ahkSkxj/P + acjSjipP + hciSi^P)^ 

VPy = — (abkShl/a + dajSjij/a + bciSuj/a). 

If now we square and add these expressions, observing that 
because ij/a, ij/fi, xiry are unit vectors at right angles to one another^ 

(Sill/a)' + (Sul/py + (SuItyY = 1, 
we shall have 

( Vafiy + ( Fay)' + ( VPy)' = - {(ab)' + {acf + (6c)'}, 

which (21. 4) is the proposition to be proved. 

Ex. 8. To find the locus of the intersections of tangent planes 
at the extremities of conjugate diameters of an ellipsoid. 

Let TT be the vector to the point of intersection of tangeat 
planes at the extremities of a, p, yi then 

SirifM= 1, (57), 

gives Smp'a = — 

or Sij/ml/a = - 

Sij/Tnj/y = — 

From these three equations we extricate xI/jt by means of for- 
mula (14), which gives 

+ Vil/yil/aSil/7nl/p ; 

therefore i/^ir = Vij/aij/IS + ^'Ai^'Av + Vif/yil/a 

= i/ry + i/f a + il/^y 

(^,r)' = - (1 + 1 + 1) 

= -3, 

aj" y« z' , 
— + - - + — = I • 
3a« 3b' 3c» ' 

an ellipsoid similar to the given ellipsoid. 
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Ex. 9. IfO^ Af B, C, 2>, B are any six points in space, OX 
any given direction^ 0A\ OB', 0G\ 01/, OE the projections 
ofOA, OB, 00, OD, OE<mOX; BODE, ODEA, DEAB, EABC, 
A BCD the volumes of the pyramids wltose vertices are B, 0,D,E,A, 
fvith a positive or negative sign in accortkmce with the law given 
in the note to 69. 5 ; then 

0A\ BGDE+ OBf. CLE A + OC. JDEAB + 0D\ EABG 

'\-OE\ABCD = 0. 

Let OA, OB, 00, OD, OE be a, P, y, 8, c respectively. 

Write for cuS'(y-^)(8-j3)(€-/5) its value 

aiS.y&e-S.heP+S.tPy-^S.PyS), 

and similar expressions for pS (a — 7)(S — y) (c — y), &c,, and there 
will result, bj addition, 

a^(y-^)(8-i8)(c-i8) + i8^(a-y)(8-y)(€-y) 

+ y^(a-8)(i3-8)(c-8)+&y(a-€)(i8-€)(y>€) 
+ c^(/3-a)(y-.o)(8-o)=0, 

i.e. retaining the notation adopted in the Note referred to, 

OA . BCDE-^ OB . ODEA + 00 . DEAB + OD . EABC 

-^OE.ABCD^O. 

. Now let IT be a vector along OX ; then the operation by *S . w 
on the above expression gives the result required. 



In some of the examples which foUow, we will endeavour to 
shew how a problem should iM>t, as well as how it should, be 
attacked. 

Ex. 10. Given any three planes, and the direction of the vector 
perpendicular to a fourth, to find its length so that they may meet 
in one point. 

Let Sap = a, SPp = h, Syp = c be the three, and let 8 be the 
vector perpendicular to the new plane. Then, if its equation be 

SZp = d. 
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"We must find the value of d that these four equations may all be 
satisfied by one value of p* 

Formula (14) gives 

pS . aj8y = VapSyp + VPySap + VyaSpp 

= cVaP + aVPy + hVya, 

by the equations of the first three. Operate by /S' . 8, and use the 
fourth equation, and we have the required value 

dS . apy = aS. PyS+bS. ya£ -^ cS . afiS. 

Ex. 11. The mm of the {vector) areas of the faces of any 
tetrahedron^ and therefore of any polyhedron, is zero. 

Take one comer as origin, and let a, j5, y be the vectors of 
the other three. Then the vector areas of the three faces meeting 
in the origin are 

2 ^^A 2 ^^^' 2 ^^"^ respectively. 
That of the fourth may be expressed in any of the forms 

^F(y-a)08-a), |F(a-)3)(y-/3), |r08-Y)(a-y). 
But all of these have the common value 

which is obviously the sum of the three other vector-areas taken 
negatively. Hence the proposition, which is an elementary one in 
Hydrostatics. 

Now any polyhedron may be cut up by planes into tetrahedra, 
and the faces exposed by such treatment have vector-areas equal 
and opposite in sign. Hence the extension. 

Ex. 12. If tJie pressure he uniform throughout a fluid mass, 
an im/mersed tetrahedron {and therefore any polyhedr&n) ea^riences 
no couple tending to make it rotate. 

This is supplementary to the last example. The pressures on 
the faces are fully expressed by the vector-ai*eas above given, and 



170 QUATERNIONS. [CHAP. IX. 

their points of application are the centres of inertia of the areas 
of the faces. The co-ordinates of these points are 

|(«+^. |(/3 + y). ^(y+«), |(a+i8+y), 

and the sum of the couples is 

g F. {Fa)S. (a + i8) + rj3y . (i^ + y) + Fya. (y + a) 

+ F(yj3 + j3a + ay).(a + ^ + y)} 

= -g F(Fa/?. y+ F)8y. a+ Fya. )8) = 0, 

bj applying formula (9). 

Ex. 13. What are the condltiona tJuU the three planes 

Sap = a, Spp = by Syp = c, 
shall intersect in a straight line ? 

There are many ways of attacking such a question, so we will 
give a few for practice. 

(a) pS . aj3y = Fa^^S'yp + V^ySap + FycuSJSp 

= cVap + aVfiy -h bVya 

by the given equations. But this gives a single definite value 
of p unless both sides vanish, so that the conditions are 

S,aPy=0, 

and cFa/3 + aF/?y + 6Fya = 0, 

which includes the preceding. 

(5) S{la-mp)p = al-hm 

is the eqiiation of any plane passing through the intersection of 
the first two given planes. Hence, if the three intersect in a 
straight line there must be values of /, m such that 

la - mP = y, 
la — mb = c. 

The first of these gives, as before, 

S.aPy^O, 



ART. 71.] FORMUUE AND THEIR APPLICATION. 



171 



and it also gives 

Fya = mVafi, VPy = - lYafi, 
so that if we multiply the second by Yapj 

becomes - a VPy — h Fya = c Va^ ; 

the second condition of (a). 

(c) Again, suppose p to be given by the first two in the form 

p = pa-\-qP + ojFajS, 
we find a =pa' + qSaP, because Sa Va^ = 0, 

h=pSaP + qP'; 



therefore 






= o 


a, Sa^ 


+ i8 


a* , a 




h, )8' 




Sap, h 



+ xVap, 



= Say 


a, Sap 


+ Spy 


a" , a 




h, ^ 




Sap, h 



+ xS . a^y. 



80 that the third equation gives, operating by S ,y, 

c| a', Sap 
\Sap, P' 

"Now a determinate value of x would mean intersection in one 
point only ; so, as before, 

S.aPy=0, 

C {a'P' - S'aP) = a {P'Say - SapSPy) - h {SapSay - a'SPy). 

The latter may be written 

S.a[c (ap' - pSaP) - a (yP' - pSpy) - h (aSpy - ySaP)] - 0. 

Now S.a(aP'-pSaP) = Sa{p.pa-pSpa) 

= S,a{pVpa) 
= -S,a(pVaP)=-S{apraP). 

Similarly, S . a (y^« - pSPy) = S (a^ F^y), 

and S.a {aSPy - ySaP) = S.a{r. pVya), (formula 8), 

= /S'(a)3Fya). 
The equation now becomes 

S. a/3 {cVaP + aVpy + 6Fya) = 0. 
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Now since S . a^y = 0, o, j9, y are vectors in the same plane ; 
therefore y may be written ma + n^, 

and cVa^ + aV^y + hVya 

assumes the form eVap, which, unless 6 = 0, gives 

^(a^ra)8) = 0, 

or Val3 is in the same plane with a, fi; but it is also perpendicular 
to the plane, which is absurd ; therefore e = 0, or 

cVafi + aVPy + bVya^O ; 

thus the third and prolix method leads to the same conclusion as 
the first. 

Ex. 14. Find tJie surface traced out by a straight line which 
remains alvoays perpendicular to a given line while intersecting 
each oftwojioied lines. 

Let the equations of the fixed lines be 

m = a + xPf tBTj = ttj + xfi^. 

Then if p be the vector of the new line in any position, 

p = m + y (sTj — m) 

= (1 - y) (a + Xp) + y (a^ + xM. 

This is not, as yet, the equation required. For it involves 
essentially three independent constants, XyX^^y; and may there- 
fore in general be made to represent any point whatever of 
infinite space. The reader may easily see this if he reflects that 
two Hues which are not parallel must appear, from every point of 
space, to intersect one another. We have still to introduce the 
condition that the new line is perpendicular to a fixed vector, 
y suppose, which gives 

This gives x^ in terms of a:, so that there are now but two 
indeterminates in the equation for p, which therefore represents 
a surface, which, it is not difficult to see, is one of the second 
order. 
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Ex. 15. Find tlie condition that the equation 

S . p<j>p = 1 
may represent a surface o/ revoliUion. 

The expression <l>p here stands for something more general than 
that employed in Chap. VIII. above, in fact it may be written 

-where a, a^, p, ^^, y, y, are any six vectors whatever. This will 
be more carefully examined in the next chapter. ^ 

If the surface be one of revolution then, since it is central 
and of the second degree, it is obvious that any sphere whose 
centre is at the origin will cut it in two equal circles in planes 
perpendicular to the axis, and that these will be equidistant from 
the origin. Hence, if r be the radius of one of these circles, c the 
vector to its centre, p the vector to any point in its circumference, 
it is evident that we have the following equation, 

Sp<t>p-l-C{p' + r^) = {S€p)'--e\ 
where C and e are constants. This, being an identity, gives 

Sp<l>p-^Cp'^(Sepyr 

The form of these equations shews that C is an absolute con- 
stant, while r and e are related to one another by the first ; and 
the second gives 

This shews simply that S. €pKf>p — 0, 

L e. €, p, and <^p are coplanar, i. e. all the normals pass through a 
given straight line ; or that the expression 

Vp<l>p, 

whatever be p, expresses always a vector parallel to a particular 
plane. 

Ex. 16. If three muttiaUy perpendicular vectors be draton 
from a point to a plane, the sum of the reciprocals of the squares 
of their lengths is independent of tJievr directions. 
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Let S€p = l 

be the equation of the plane, and let a, p, y be any set of 
mutually perpendicular unit-vectors. Then, if xa, y^, zy be 
points in the plane, we have 

a:^a€ = 1, ySp€ = 1, zSy€ = 1, 
whence - c = cuS'ac + jSa^jSc + y/Syc (63. 2) = - +^+2. 
Taking the tensor, we have 

Ex. 17. Find ilie eqv/Uion of the straight line which meets^ 
at right angles, tivo given straight lines. 

Let w = a-¥xP, to-saj+ajj^i, 

be the two lines ; then the equation of the required line must be 
of the form 

and nothing is undetermined but a^. 

Since the first and third equations denote lines having one 
point in common, we have 

S.pVpp,{a-a;) = 0. 
Similarly S. p^ Vpp^ (a^ - a.) = 0. 

Let a, = y^ + yfi, 

(it is obviously superfluous to add a term in VPfi^), then 

and, finally, 

Ex. 18. I/Tp=Ta = Tp==l, and S. o/3p = 0, shew that 

S.U(p-a)U{p-P)=^l(l-Safi). 
Interpret this theorem geometrically. 
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We have, from the given equations, the following, which are 
equivalent to them, 

Hence -x'-y^-h 2xi/Sa^ = - 1, 



Jaf-2{x2/-x)Safi + (y-l)'' 
S.U(p-a)U{p-l3) 

= - « (« -i)± [gy+jgi il) (y - 1 )] -ggyg - y (y - 1 ) 

j!i^+y'-2x + \-2{xy-y)Sap J of + 2^'- 2y + 1 - 2 (a!y- ») &^ 
J2^2x + 2ySap ^2 - 2y 4- 2a;6^aj8 

2^/(l -aj-3/) (1 -^a/J) +a;2^ {1 -(^'am 

^a+y-1 / 1-^V 

2 V l-a;-y + a;y(l+^a/3) 

^JC + y-^ / l-^g^ 

2 V l-a;-y + |(2icy + ic« + y«~l) 

J2 V l-2(a; + 2/) + a;» + y« + 2ajy 



=*>v/F^ 



iS> 



Of course there are far simpler solutions. Thus, for instance, 
the given equations shew that p, a, p are radii of some unit 
circle. Hence the expression is the cosine of the supplement of 
the angle between two chords of a circle drawn from the same 
point in the circumference. This is obviously half the angle 
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subtended at the centre hj radii drawn to the other ends of the 
chords. The cosine of this angle is 

"Sap, 
and therefore the cosine of its half is 



^/ 



hl-SaP). 



2 

Ex. 19. Find the rdative position, at anyj instant, of ti/oo 
points, which are moving uniformly in straight lines. 

If a, p be their vector velocities, t the time elapsed since 
their vectors were a, P, their relative vector is 

p = a-k'Ui'-P-tp> 

80 that relatively to one another the motion is rectilinear, and 
the vector velocity is 

To find the time at which the mtUtuil distance is least. 

Here we may write 

p = y + <S, 

As the last term is positive, this is least when it vanishes, 
ie. when 

t^-S.yS''. 

This^ves p = y-&S^y8"* 

= yF8-V, 

the vector perpendicular drawn to the relative path; as is, of 
course, self-evident. 

Ex. 20. Find the locus of a given point in a line of given 
length, when the extremities of the line Tnove in circles in one plane, 
(Watt's ParaUd Motion.) 



^••P»^«*TW«»»»#*W 



ART. 71.] FORMULA AND THEIR APPLICATION. 177 

Let cr and r be the vectors of the ends of the line, drawn 
from the centres a, )3 of the circles. Then if p be the vector of 
the required point 

p = (a + <r)(l -e)+«(i8 + T), 

subject to the conditions 

{a + <r-(/3+T)}» = -ZS 

From these equations o- and r must be eliminated. We leave 
the work to the reader. There is obviously an equation of con- 
dition 

Ex. 21. Claaaify the curves represented hy an equation of 
iheform 

a + a;j8 + a'y 
f= a + bx + caf' 

where a, ^, y a/re given vectors, o/nd a, b, c given scalars. 

In the first place we remark that x* in the numerator merely 
adds a constant vector to the value of p, unless c = 0. 

Thus, if c do not vanish, the equation may be written, with 
a change of a and P and in general a change of origin, 

a + xfi 
'^^ a + bx + caf* 

and this again, by change of x and of a and /S, as 

a + xp 

P = *• 

'^ a + axr 

It is obvious that this represents a plane curve. 

. , • Sap _ a' + xSaP 

T. Q. 12 
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Hence both numerator and denominator of x are of the first 
degree in Sap, Sfip ; and therefore 

a* + xSafi 



Sap = 



a-i-cx' 



a' 



gives an equation of the third degree in p by the elimination of x. 
When we have Safi = 0, 

^ ~ a + cx"* ' 

whence x-^^ 

whence ^^ fi^Sap' 

and a{Sapy + e^{Sppy = a'Sap, 

a conic section. 

If c = 0, then with a change of x, a, P, y, the equation may be 
written 

p-%^ + a7, 

a hyperbola — so long at least as h does not also vanish. 

If h and c both vanish^ the equation is obviously that of a 
parabola. 

If a and h both vanish, whilst c has a real value, we have 
again a parabola. 

If a vanish while h and c have real values, we have again 
a hyperbola. 

Ex. 22. Find the locus of a point at which a given finite 
straight line sitbtenda a given angle. 
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Take the middle point of the line as origin, and let *fe a be the 
vectors of its ends. At p it subtends an angle whose cosine is 

^SU{p-a)U{p + a). 

This, equated to a constant, gives the locus required. We 
may write the equation 

This is, obviously, a surface of the fourth order; a ring or 
tore formed by the rotation of a circle about a chord. When 
c = 0, i. e. when the angle is a right angle, the two sheets of this 
surface close up into the sphere 

«« — «« 
p =a , 

A plane section (in the plane a, p (suppose) where Tfi^Ta 
and Sap = 0) gives 

p = xa + yPy 

{a•(l-aJ»)~yV}» = c»{(aJ-lr + S^}{(«+l)-+y»}a^ . 
or {l-(a:" + y")}" = cM(^ + 2/'+ir-4a^}, 

or, finally, 1 - (a;» + y«) = ± j= , 

which, of course, denotes two equal circles intersecting at the 
ends of the fixed line. 

Ex. 23. A ray of light falls on a thm reflecting cylinder, shew 
t/uit it is spread over a right cone. 

Let a be the ray, t a normal to the cylinder, p a reflected ray, 
p the axis of the cylinder. 

Then t is perpendicular to jS, or 

SpT=:0 (1). 

Aga-in p and a make equal angles with t, on opposite sides of 
it, in one plane ; therefore 

p II Tar 

or F. TaTp = (2). 

12—2 
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EliminatiDg r between (1) and (2) we have 

EL ^ f^p\ 

a* " \SapJ 
the equation of the right cone of which P is the axis, and a a side. 



Additional Exaupleb to Chap. IX. 

1. Prove that^.(o + j8)(/3 + 7)(y + a)-2/S'.a)8y. 

2. S . Vap rPyVya = - {Sal3y)\ 

3. S. V(VaPTPy) VlJPyVya) 7 (VyaVaP) =^ - {S . a/3y)*. 

4. S ( ypyVya) = -/Safi - SPySya. 

6. = a* {SPyY + P" (Sya)' + / (Sa^y - (&i8y)« 
- 2SapSPySya. 

7. S{yr.aPy)^'/SaP. 

8. (ai^^y)* = a'iS V + 2ajSy5' . ajSy. 

9. S ( Fa)8y FjSya Fya)3) = iSapSPySyaS . ajSy. 

10. The expression 

Faj8Fy8+ FayF8jS+ FaSF^Sy 
denotes a vector. What vector 1 

(Tait's Quatemiona. Miscellaneous Ex. 1.) 

11. SapS . PyS- SPpS. ySa-^ SypS .Sap- SSpS .aPy = 0. 

12. {aPyy = 2o»^y» + a' 08y)'+ jS" (ay)«+ / (a/3)»-. iaySapSPy. 

(Hamilton, Elements^ p. 346.) 
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13. With the notation of the Note, Art, 69, 5, we shall 
have 

DABC ^OABC- OBCD + OCDA - ODAB. 

14. When -4, -ff, (7, D are in the same plane, 

a.BCD-p.CDA+y.LAB-^h.ABG^^O, 
where BGD^ &c. are the areas of the triangles. 

15. 8F, ajSy + ttF. py^ + pV. ySa + yF. Up = iS. ojSyS. 

16. FajSryS+F^yFSa+FySFajS+FSor^yisascalar, What 
is its geometrical meaning ? 

17. Find the equation of the sphere circumscribing a given 
tetrahedron. 

18. A straight line intersects a fixed line at right angles, and 
turns uniformly about it while it slides uniformly along it. Find 
the equation of the surface described (1) when the fixed line is 
straight, (2) when it is circular. 



CHAPTER X. 

VECTOR EQUATIONS OF THE FIRST DEGREE. 

With the object of giving the student an idea of one of the 
physical applications of Quaternions, we will treat the solution of 
linear and vector equations from an elementary kinematical point 
of view. For this purpose we choose the problem of the de- 
formation of a solid or fluid body, when all its parts are similarly 
and equally deformed. 

Def. Homogeneous {Strain is such that portions of a body, 
originally equal, similar, and similarly placed, remain after the 
strain equal, similar, and similarly placed. 

Thus straight lines remain straight lines, parallel lines remain 
parallel, equal parallel lines remain equal, planes remain planes, 
parallel planes remain parallel, and equal areas on parallel planes 
remain equal. Also the volumes of all portions of the body are 
increased or diminished in the same proportion, as is easily seen by 
supposing the body originally divided into small equal cubes by 
series of planes perpendicular to each other. After the strain, 
these cubes are all changed into similar, similarly pla^^ed, and 
equal parallelepipeds. 

' It is thus obvious that a homogeneous strain is entirely deter- 
mined if we know into what vectors three given (non-coplanar) 
vectors are changed by it. Thus if a, )3, y become a', j8', y 
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respectively: any other vector, which may of course be expressed as 

is changed to 

No needful generality is lost, while much simplification is 

gained, by taking a, j3, y as unit vectors at right angles to one 

another. This is, in fact, the method already spoken of, i. e. the 

imaginary division of the body into small equal cubes, by three 

mutually perpendicular series of equidistant planes. We thus 

have 

p = - (aSap + pSfip + ySyp), 

p' = - {a'Sap + ^Sfip + ySyp). 

Comparing these expressions we see that Homogeneous Strain 
alters a vector into a definite linear and vector function of its 
original value. 

In abbreviated notation, we may write (as in Art. 68, though 
our symbol, as will soon be seen, is more general than that there 
employed) 

<^p = - (a' Sap + /S'SPp + ySyp), 

where <^ itself depends upon nine independent constants involved 
in the three equations 

^ = a 

H = V 

For a', /?', y may of course be expressed in terms of a, )9, y : 
and, as they are quite independent of one another, the nine co- 
efficients in the following equations may have absolutely any 
values whatever ; 

<^a = a' = Aa -h cP + h'y\ 

^^=/3' = c'a+jBj3 + ay i (»)• 

^y =y' = ba +a')8 + Gy) 
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In discussing the particular form of ^ which occurs in the 
treatment of central surfaces of the second order we found. Art 44, 
that it possessed the property 

S . a<f>p = S, pffiO' (b), 

whatever vectors are represented by p and a-. Remembering that 
a, Py y form a rectangular unit system, we find from (a) 

S , piJM = — c "^ 

with other similar pairs ; so that our new value of ^ satisfies (h) 
if, and only if, we have in (a) 

h=h\ (c). 

The physical meaning of this condition, as will be seen im- 
mediately, is that the distortion expressed by ^ takes place loithout 
rotation. In this case the nine constants are reduced to six. 

But, although (6) is not generally true, we have 
fi' . o-^p = - (SaaSap + S^trS^p + SyaSyp) 
= - /y. p (o^a'cr + pS^a- + ySya), 

where the expression in brackets is a linear and vector function 
of cr, depending upon the same nine scalars as those in ^ j and 
which we may therefore express by ^', so that 

<l/<r = -{aSa'tr + pSP'<r + ySya) (cF). 

And with this we have obviously 

S , a'<l>p = S . pKJ/a" (e), 

which is the general relation, of which (6) is a mere particular 
case. 

By putting a, j9, y in succession for cr in (^ and referring to 
(a) we have 

<l>p= ca + Bp + a'yr (/). 
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Comparing (/) with (a) we see that 

whatever be p, provided the conditions (c) be fulfilled. This agrees 
with the result already obtained. 

Either of the functions ^ and <l>\ thus defined together, is 
called the Conjugate of the other : and when they are equal (i. e. 
when (c) is satisfied) ^ is called a Sdf -Conjugate function. As we 
employed it in Chap. YI, ^ was self-conjugate ; and, even had it 
not been so, it was involved (as we shall presently see) in such a 
manner that its non-conjugate part was necessarily absent. 

We may now write, as before, 

^p = — (a Sap + ^Spp + ySyp)f 

and, by (d), 

^ p = — (aSap + PSP'p + ySyp), 

From these we have by subtraction, 
{<f> — ^') p = ^p — <l>p = aJSap — a Sap + pSfi'p - P^SPp + ySyp - ySyp 

^V.Vaa'p + V.VfiP'p+V.Vyy'p 

= 2r.€p (g); 

if we agree to write 

2€=r(aa' + i3i8'+yy') (h). 

We may now express that ^ is self-conjugate by writing 

* = 0, 

the physical interpretation of which equation is of the highest 
importance, as will soon appear. 

If we form by means of (a) the value of e as in (h) we get 

2€ = (cy - 6'j3) + (aa - c y) + (6)3 - a'a) 

= (a-a')a + (6-6'))S + (c-c')y, 

which obviously cannot vanish unless (as before) the three con- 
ditions (c) are satisfied. 
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By adding the values of <l>p and <f/p above we obtain 
(<l> + 4>)p=<t>p+4:p = - (aSap + a Sap +pSl^p +P'SPp +ySyp+ySyp) 
=-- - r (apa' + pp^ + ypy') - p {Saa' 4- S^^ + Syy'), 

As we have (by 69. 6) 

V . apa = F . a pa, &c. 
this new function of p is self -conjugate. 

This will easily be seen by putting ^ + <^' for <^ in (b) and re- 
membering that (by 69. 17) we have 

S . (rapa = S , paaa = ^S' . paaa, (kc, &c. 
Hence we may write 

(<^ + <^')p = 2^P (*)> 

where the bar over ^ signifies that it is self-conjugate, and the 
factor 2 is introduced for convenience. 

From (g) and (i) we have 

4>p = ^p + V€p) . 

<Pp = 'uTp — V€pJ 

If instead of <^p in any of the above investigations we write 
(<l> + g) p, it is obvious that <f>p becomes {tf> -^g)P' smd the only 
change in the coefficients in (a) and {/) is the addition of ^ to 
each of the main series A, £, C. 

We now come to Hamilton's grand proposition with regard to 
linear and vector functions. If cj} be such that, in general, the 
vectors 

p, <t>p, <J3>'p 

(where ^*p is an abbreviation for <^ (<^p)) are not in one plane, then 
any fourth vector such as <^'p (a contraction for <^ {4>(<t>p))) can be 
expressed in terms of them as in 31. 5. 

Thus <l/p = m^<l}'p - m^ijyp +mp (k), 

where m, m^ , m, are scalars whose values will be found immedi- 
ately. That they are independent of p is obvious, for we may put 
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a, p, y in succession for p and thus obtain three equations of the 
form 

ij/a = m^fji'a - m^^^a + ma {l), 

from which their values can be found. For by repeated applica- 
tions of (a) we can express (t) in the form 

v/ v/ yjf 

Aa-^BP + Cy = 0. 

>// \/f v/ 

Thiagives ^ = 0, ^=0, C = 0. 



These are three equations connecting m, m^ m^, with the nine 
coefficients in (a). The other two groups of three equations, 
furnished by the other two equations of the form (I), are merely 
consistent with these; and involve no farther limitations. This 
method, however, is very inferior to one which will shortly be 
given. 

Conversely, if quantities m, m^ , m, can be found which satisfy 
(Q, we may reproduce (k) by putting 

p = xa + yP + zy 

and adding together the three expressions {l) multiplied by x, y, z 
respectively. For it is obvious from the expression for ^ that 

x<f>p «s <f> (xp), oc<f>'p = <^' (xp), &c., 

whatever scalar be represented by a;. 

If p, ^p, and <l>'p are in the same plane, then applying the 
strain <^ again we find ^p, <j>'p, {ji^p in one plane ; and thus equa- 
tion (k) holds for this case also. And it of course holds if <^p is 
parallel to p, for then <^'p and <f>^p are also parallel to p. 

We will prove that scalars can be found which satisfy the 
three equations (l) (equivalent to nine scalar equations, of which, 
however, as we have seen, six depend upon the other three) by 
actually determining their values. 

The volume of the parallelepiped whose three conterminous 
edges are A, /*, v is (31. 1) 
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After the strain its volume is 

^S, tfiX <f>fl il>v, 

80 that the ratio —^7—/^'^^ 

is the same whatever vectons X, /i, v may be ; and depends there- 
fore on the constants of ^ alone. We may therefore assume 

X=:p, 

/* = M 

and by inspection of (k) we find 

S.Xiiv "" S.p<l>pi>'p " ^ '' 

which gives the physical meaning of this constant in {k). As we 
may put if we please 

X = a, 

we see by (a) that 

A, c, b' 
c', B, a 
b, a', C 



m 






which is the expression for the ratio in which the volume of each 
portion has been increased. This is unchanged by putting ^' for 
€/>, for it becomes, by (/), 

m=\A, c\ b 

c, B, a' 

b\ a, C 

* Hence corrugate strains produce eqital changes of volume. 

Recurring to (m) we may write it by (e) as 

S , \^' Vkj^p^v = mS , X F/iv, 
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from which, as A, is ahsolutely any vector^ we have 
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or 



<^ V<t/fji.<li'v =mVfxv 



} 



(n). 



[In passing we may notice that (n) gives us the complete solution 
of a linear and vector equation such as 

where 8 and ^ are given and o- is to be found. We have in fact 
only to take any two vectors ft and v which are perpendicular to 
8, and such that 

Vfiv = 8, 

and we have for the unknown vector 

which can be calculated, as <^ is given.] 

If in (n) we put <l> + g for <^ yre must do so for the value of m 
in (m), Calling the latter M, ve have 



m + g 



+9 



+ 9' 






/S'. A/xv 



and by (n) 
or 



.(o), 
H 



. ,(q). 



From the latter of these equations it is obvious that 

Ft^'fiv + F/x«^V 

must be a linear and vector function of F/xv, since all the other 
terms of the equation are such functions. 
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As practice in tbe use of these functions we will solve a 
problem of a little greater generality. The vectors 

VfiVf Vif/fxv, and V/ufl/v 
are not generally coplanar. In terms of these (31. 5), let us 
express ^ Vfiv. 

Let <j>VfjLv==xVfjLv^yV<t/fiv -^zVfi<liv. 

Operate by S ,\ S, /jl, S .v successively, then 

S . fiv<l>'\ = xS . Xfxv + yS . vX^'/x + zS . X/i<^V, 

S . flV<l>V = zS , VfJLfliV. 

The two last equations give (by 69. 4) 

2/=-l, 2 = -l, 

and therefore the first gives 

_ S . iLvff>\ + S . v\<f}fi + S . X/i<^ V 

S , X/4,v 

Hence, finally, 

^Vfiv = fij^fiv — V<l>fiv- Vfi<l»'v (r). 

Substituting this in (q), and putting a- for F/av, which is any 
vector whatever, we have 

or, multiplying out, 

= (m + ^^5r + ;xy + gr»)<r; 
that is (~ ^' + H'/f> + m<^"*) cr = ft^cr, 

or (<^»- /i^<^* + /Lii<^ - m) <r = 0. 

Comparing this with (k) we see that 

S . XfJLV 

/S' . X/iv J 

and thus the determination is complete. 



{"), 
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We may write (k), if we please, in the form 

m<fr^p = m,p - m^<^p + <^'p (^'), 

which gives another, and more direct, solution of the equation 
(above mentioned) 

Physically, the result we have arrived at is the solution of 
the problem, " By adding together scalar multiples of any vector 
of a body, of the corresponding vector of the same strained homo- 
geneously, and of that of the same twice over strained, to repre- 
sent the state of the body which would be produced by supposing 
the strain to be reversed or inverted." 

These properties of the function <^ are sufficient for many 
applications, of which we proceed to give a few. 

I. Homogeneous strain converts an originally spherical por- 
tion of a body into an ellipsoid. 

For if /> be a radius of the sphere, cr the vector into which 
it is changed by the strain, we have 

and Tp = C, 

from which we obtain 

r</>- V = C7, 

or S.it>'"(r<lr'<r = -G% 

or, finally, S . cr<f>'''<t>-'ar = -C*. 

This is the equation of a central surface of the second degree ; 
and, therefore, of course, from the nature of the problem, an 
ellipsoid. 

II. To find the vectors whose direction is unchanged by the 
strain. 

Here <^p must be parallel to p or 

<l>p=gp. 
This gives tf^'p = g'p, (fee, 
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80 that by (k) we have 

This must have one real root, and may have three. Suppose g^ to 
be a root, then 

<l>P''ffiP = ^f 
and theref ore, whatever be A, 

or S.p{<l>'\-g,\) = 0. 

Thus it appears that the operator <f/ — g^ cuts off from any vector 
X the part which is parallel to the required value of p, and there- 
fore that we have 

Pllifr.(^'-<7,)x(^'-j7> 

where ^ is absolutely any vector whatever. This may be written as 

Pll{^-K-!7.)* + *'}£ 

•I ^ ^ *• 

The same result may more easily be obtained thus : — 

The expression 

{<fi* - m,<^* + Wj<^ - m) p = 0, 

being true for all vectors whatever, may be written 

(<^-i7.)(*-S'.)(*-S',)p = 0, 

and it is obvious that each of these factors deprives p of the por- 
tion corresponding to it : i.e. ^— ^j applied to p cuts off the part 
parallel to the root of 

(^ — ^i) cr = 0, &c., (fee, 

so that the operator (<^ - g^ (<^ - g^ when applied to a vector 
leaves only that part of it which is parallel to o- where 
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III. Thus it appears that there is always one vector, and 
that there may be three vectors, whose direction is unchanged by 
the strain. 

Def. Pure, or norirrotationaly strain consists in altering the 
lengths 0/ three lines at right angles to one another, vnthout altering 
their directions. 

Hence if ^p^ = g^p^ 

^Pb = 9sPz 
the strain <l> is pure if, and not unless, p, , p,, p, form a rectangular 
system. [There is a qualification if two or more of g^g^g^ be 
equal.] 

Hence, for a pure strain, we have 

and . ^Pi^p» = 92^PiPa = : 

or ^Pi<l>p9 = ^P/l'Pr 

But we have, generally. 

As we have two other pairs of equations like these, we see 
that ^ = ^' 

when the strain is pure. 

Conversely, if ^ = ^' 

the three unchanging directions p^j p^, pg are perpendicular to one 
another. 

For, in this case, the roots of 

are reaL Let them be such that 

{<!>'- 9i)pi = ^ 

T. Q, 13 
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then 9i9,SpiP» = S<f>p^M 

= ^Pi4>4>p2 
(because, bj hypothesis, the strain is pure) 

= 9'^Pip2^ 
for 4>p9 = ffJ>s and ^V, = S'/P.- 

Hence, except in the particular case of 

we must have 

SpiPt = 0» 
whence the proposition. 

When ffj and g^ are equal, p, and p, are each perpendicular 
to P3, but any vector in their plane satisfies 

When all three roots are equal, every vector satisfies 

IV. Thus we see that when the strain is unaccompanied by 
rotation the three values of g are real. [But we must take care 
to notice that the converse does not hold. This will be discussed 
later.] If these values be real and differerUy there are three vectors 
at right angles to one another which are the only lines in the body 
whose directions remain unchanged. When two are equal, every 
vector parallel to a given plane, and all vectors perpendicular to 
it, are unchanged in direction. When all three are equal no 
vector has its direction changed. 

"V. There is, however, a peculiarity to be noticed, which dis- 
tinguishes true physical strain from the results of our mathe- 
matical analysis. When one or more of the values of g has a 
negative sign, we cannot interpret physically the result without 
introducing the idea of a pure strain which shall, as it were, pull 
the parts of an originally spherical portion of the body through 
the centre of the sphere, and so form an ellipsoid by turning a 
part of the body outside in. When two, only, are negative we 



-H 



] (0. 
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can represent physically the result by introducing the conception 
of a rotation through two right angles about the third axis. But 
we began by assuming that there is no rotation 1 Hence, for the 
case considered, all three roots must be positive. See end of next 
section (VI.). 

VL This will appear more clearly if we take the case of a 
rigid body, for here we must have, whatever vectors be repre- 
sented by p and <r, 

T.I>p=Tp 

Spa = S . ^p^crj 

L e. the lengths of vectors, and their inclinations to one another, 
are unaltered. In this case, therefore, the strain can be nothing 
but a rotation. It is easy to see that the second of these equa- 
tions includes the first; so that if, for variety, we take as 
represented in equations (a), and write 

p = xa + y^-\- zy, 

we have; for all values of the six scalars x, y, z, f , rj, ^, the follow- 
ing identity : 

-{x^-hyri + zl:) = S.{xaf + y^ + zy'){^a' + 7jl3'-hiy) 

= a"xi + P"yrj + y"^i 

+ {xrj + yi) Sa'l3^ + (y£ + z-q) S^y' + («^ + 0^) Sy'a\ 

This necessitates 






ie. the vectors a', j8', y form, like a, )8, y, a rectangular unit 
system. And it is evident that any and every such system 
satisfies the given conditions. But the system a, P\ y must be 
similar to a, j8, y, L e. if a quadrant of 'positive rotation round a 
changes )3 to y &c. a quadrant of positive rotation about a' must 
change jS' to y' &c. 

When this is not the case, the system a\ j8', y is the per- 

13—2 



I 
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version of a, )3, y, L e. its image in a plane mirror ; and the strain 
is impossible from a physical point of view. 

This is easily seen from another point of view. The volame 
of the parallelepiped whose edges are rectangular unit vectors 
a, )3, y is —S, aj8y 

if a positive quadrant of rotation round a brings fi to coincide 
with y &c. But, in the perverted system, the volume has changed 
sign and is expressed by 

VIL It may be interesting to form, for this particular case, 
the equation giving the values of g. We have 

S.{a'^ga){P^^gP){y^gy) 
S . a^y 

= 1 - ^.S' (a^y + a'l3y' + a'/3'y) 

-g'SiaPy + ap^y + a'Py)^g\ 

Recollecting that a, )8, y ; a', )S', y are systems of rectangular 
unit vectors, we find that this may be written 

Hence the roots of 
are in this case ; first and always, 

which refers to the axis about which the rotation takes place : 
secondly, the roots of 

^«-^{I+AS^(aa' + /3^ + yy')} + l = 0. 

Now the roots of this equation are imaginary so long as the 
coefficient of the first power of g lies between the limits ^ 2. 

Also the values of the several quantities iS^aa', /SJS^, Syy can 
never exceed the limits ± 1. When the system a, ^, y coincides 
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with a', jS', y', the value of each of the scalars is -1, and the 
coefficient of the first power of ^ is + 2. When two of them are 
equal to + 1 and the third to - 1 we have the coefficient of the first 
power of ff = —2. These are the only two cases in which the 
three values of g are all real. 

In the first, all three values of ^ are equal to —1, i.e. 

<t>p = p 

for all values of p, and there is no rotation whatever. In the 
second case there is a rotation through two right angles about 
the axis of the - 1 value of g. 

VIII. It is an exceedingly remarkable fact that, however a 
body may be homogeneously strained, there is always at least one 
vector whose direction remains unchanged. The proof is simply 
based on the fact that the strain-function depends on a cubic equa- 
tion (with real coefficients) which must have at least one real root. 

IX. As an illustration of what precedes (though one which 
must be approached cautiously), suppose a body to be strained so 
that three vectors, a", )8", y" (not coplanar, and not necessarily 
at right angles to one another), preserve their direction, becoming 
e^a\ e^'\ e^'\ Then we have 

By the formulae (w, s) we have 



fllg 



_ s (g^ W^ + i8 v >- 4- yw^<i>n _ . 



so that we have by (Jc) 

(^^e,)(<l>-eX<l>'-e^)p = 0. 

Though the values of g are here all real, we must not rashly 
adopt the conclusions of (iv.), for we must remember that a", )8", y" 
do not, like a, /8, y, necessarily form a rectangular system. 
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In this case we have 

So that, by (A), 
2€JS . a"i8V = ^- («,*" ^^S'V + ej3"Fy V + ««yTa"/3") 

This vanishes, or the strain is pure, if either 

1. /S'a"i3" = /S'iS'y = /^y V = 0, 

ie. if a", j3", y" are rectangular, in which case e,, e^, c^ may have 
any values ; or 

2. 6j = e, = Cj, in which case 

ff/pS. a"^"y" = e, { VP'y"So!'p+Vy"o:'SP'p + Fa"^"^y'>} 
= e^pS . a!' P'y" hj (69. 14), 
so that 

for every vector : a general uniform dilatation unaccompanied by 
change of direction. 

3. Cj = Cg, and a" and P' both perpendicular to y". 

From what precedes it is evident that for the complete study 
of a strain we must endeavour to distinguish in eacli case between 
the pure strain and the merely rotational part. If a strain be 
capable of being decomposed into 1st a pure strain, 2nd a rotation, 
it is obvious that the vectors which in the altered state of the 
body become the axes of the strain-ellipsoid (i.) must have been 
originally at right angles to one another. 

The equation of the strain-ellipsoid is 

and in this it is obvious that ifT' is self-conjugate, or at least is to 
be treated as such : for a non-conjugate term in KJT'p would be (g) 
of the form Fcp, 

and would therefore not appear in the equation. 
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For the proper treatment of rotations, the following simple 
but excessively important proposition, due to Hamilton, forms the 
best starting-point. 

If qhe any qucUernion, the operator q { ) q~^ turns the vector, 
quatemiony or body operated on round cm axia perpendicular to the 
pkme of q and through an cmgU equal to double iJuU of q. 

For the proof we refer the reader to Hamilton's Lectures, 
§ 282, Elements, § 179 (1), or Tait, § 353. It is obvious that the 
tensor of q may be taken to be unity, i. e. q may be considered as a 
mere versor, because the value of its tensor does not affect that of 
the operator. 

[A very simple but important example of this proposition is 
given by supposing q and r to be both vectors, a and p let us say. 
Then 

is the result of turning p conically through two right angles about 
a, i. e. if a be the normal to a reflecting surface and fi the incident 
ray, — afia"^ is the reflected ray.] 

Now let the strain <^ be effected by (1), a pure strain ^ (self- 
conjugate of course) followed by the rotation q( ) q~\ We have, 
for all values of p, 

<l>p==q{^p)q-' (v). 

whence ^ p = ^ (q'^pq). 

The interpretation is that, under the above definition, the con- 
jugate to a/ny strain consists of the reversed rotation, foUoufed by the 
pure strain. 

We may of course put, as in Chap, vi, 

'ap = e^aSap + e^^S^p + c^ySyp, 

where a, j8, y form a rectangular system. Hence 

^p = ^i^^'^fSap + e^qPq'^SPp + e^qyq'^Syp, 
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Here the axes are parallel to 

qaq-\ qpq'\ qyq'\ 
and we have 

S . qaq'^q^q"' = S . qapq" = Safi = 0, &c. 

So far the matter is nearly self-evident, but we now oome to 
the important question of the separation of the pure strain /ram 
the rotation. £7 the formulsB above we see that 

= ^q'"(q^pq'")q 

so that we have in symbols, for the determination of ^, the 
equation 

That is, as we see at once from the statements ^bove, any 
strain, JbUowed hy its conjugate, gives a pure strain, which is the 
square (or the result of two applications) of the pv/re pa/rt of 
either. 

To solve this equation we employ expressions like (k). ff/^ 
being a known function, let us call it o), and form its equation as 

o)' - m,a)" + fn^m — 7» = 0. 

Here the coefficients are perfectly determinate. 
Also mppose that the corresponding equation in ^ is 

^-g^ +gj^-g = 0, 

where g, g^, g^ are unknown scalars. By the help of the given 
relation w^ = w, 

we may modify this last equation as follows : 

m(i>-g^<a-^gjm-g = Of 
, _ (7 + a„Ctf 

whence t3' = ^ — ~- : 

S'l + w 
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i.e. m is given definitely in terms of the known function w, as 
soon as the quantities g are found. But our given equation 

may now be written 

As this is an equation between o) and constants it must be 
equivalent to that already given : so that, comparing coefficients, 
we have 

g^'^2gg,= m,, 
from which, by elimination of ^ and g^, we have 

The solution of the problem is therefore reduced to that of this 
biquadratic equation ; for, when ^^ is found, g^ is given linearly 
in terms of it. 

It is to be observed that in the operations above we have not 
been pai'ticular as to the arrangement of factors. This is due to 
the fact that any functions of the same operator are commutative 
in their application. 

Having thus found the pure part of the strain we have at once 
the rotation, for (v) gives 

4>m-'' p = qpq-', 
or, as it may more expressively be written, 



7f* 
If instead of (t>) we write 

>f>p = ^(rpr~') (»'), 
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we assume that the rotation takes place first, and is succeeded bj 
the pure strain. This form gives 

and 4^'p == ^Py 

whence a> is found as above. And then (i/) gives 

W^ffi = r ( ) r"*. 

Thus, to recapitulate, a strain ^ is equivalent to the pure 
strain V^'^ followed by the rotational strain <f> —.^== , or to the 

rotational strain -.^^ ^ followed by the pure strain J4>4^'. 

This leads us, as an example, to find the condition that a given 
strain is rotational ordy^ ie. that a quaternion q can be found 
such that 

Here we have ^' = 9'"* ( ) 5'> 

or ^' = ^~* («^)- 

But m^~* = Wj — m^*^ + ^"j 

or m4^ = 

whose conjugate is m^ 

and the elimination of tfi! between these two equations gives 






w<A = Wi-^»(mi-»i,^ + <^')+^(f?»i-w,<^ + <^T, 



i.e. 
= 



— (m* — mm^ + 2mjmj) ^ 

- 2m,</»» 

+ ** 
by using the expression for ^* from the cubic in ^ 



— (m' — mm J* + 2m^7n^ — m) ^ 
+ (2mj + m/ — mwi, — m^) «^* 
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Now this last expression can be nothing else than the cubic 
in <l> itself, else <^ would have two different sets of constants in the 
form {k)y which is absurd, as these constants, from the mode in 
which they are determined, can have but single values. Thus we 
have, by comparing coefficients, 

mj = 2w, + mj — mm^ — m. 



m^m^ = m® - mm^' + 27n 



mm^ = m^m^ - mm^^ 



+ 7w" ) 



The first gives 



Wj = mmj, 



by the help of which the second and third each become 

The value 

m = 

is to be rejected, as otherwise we should have been working with 
non-existent terms ; and m, as the ratio of the volumes of two 
tetrahedra, is positive, so that finally 

m= 1, 
and the cubic for a rotational strain is, therefore, 

^°-Wa^" + 7W8<^-l =0, 

or (<^-l){^» + (l-m.)^ + l} = 0, 

where m^ is left undetermined. 

By comparison with the result of (vii.) we see that in the 
notation there employed 

The student will perhaps here require to be reminded that 
in the section just referred to we employed the positive sign in 
operators such as ^ + ^. In the one case the coefficients in the 
cubic are all positive, in the other they are alternately posi- 
tive and negative. The example we have given is a particularly 
valuable one, as it gives a glimpse of the extent to which the 
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separation of symbols can be safely carried in dealing with these 
questions. 

Def. a simple shear is a homogeneous strain in which all 
planes parallel to a fixed plane are displaced in the same direction 
parallel to that plane, and therefore through spaces proportional 
to their distances from that plane. 

Let a be normal to the plane, fi the direction of displacement, 
the former being considered as an unit-vector, and the tensor of 
the latter being the displacement of points at unit distance from 
the plane. 

We obviously have, by the definition, 

Sap = 0. 

Now if p be the vector of any point, drawn from an origin in 
the fixed plane, the distance of the point from the plane is 

— Sap. 

Hence, if o- be the vector of the point after the shear, 

a' = <l>p = p — pSap. 

This gives 

4>p^p- o-Sppy 

which may be written as 

^p-Tp.aS. UPp, 

so that the conjugate of a simple shear is another simple shear 
equal to the former. But the direction of displacement in each 
shear is perpendicular to the unaltered planes in the other. 

The equation for <^ is easily found (by calculating m, Wi, m^ 
from (m), («)) to be 

Putting <^'^ = \lf, we easily find (with h = TP) 
Solving by the process lately described, we find 



(€^I|zly=3.5..2,.. 



■ — I 
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If 6 = 2, this gives ^^i = 1, and the farther equation 

of which ^j = — 3 is a root, so that 

and g^=^l^2j2. 

We leave to the student the selection (by trial) of the proper 
root, and the formation of the complete expressions for the pure 
and rotational parts of the strain in this simple and yet very 
interesting case. 

As a simple example of the case in which two of the roots of 
the cubic are unreal, take the vector function when the strain is 
equivalent to a rotation about the unit vector a ; the others of 
the rectangular system being j8, y. 

Here we have, obviously, 

i>P=P coaO + y sin 0, 

ffyy =^ y COB - P siix 0y 
whence at once 

''<t>p= aSap + (j3 cos 5 + y sin 6) S^p + (y cos tf - j8 sin 0) Syp 
= (1 - cos 6) aJSap — p cos S - Vap sin 0. 

Forming the quantities m, m^, m^ as usual, we have 
«/>» - (1 + 2 cos ^' + (1 + 2 cos 6) <^ - 1 = 0, 
or (<^-l)(^»-2cos««/> + l) = 0, 

or (^ - 1) (^ - cos e - J^ sin 6) (<^ - cos fl + J^ sin 6) = 0. 

Now 

- (^- 1) p = (1 - cos 6) {aSap + p) - sin 6 Vap, 

-(<^-cosfl-7ITsinfl)p = (l-costf)cuSap + Bine(p7^-Fap), 

- (^- cos 6 + J- 1 sin tf) p = (1 - cos 6) oiSap - sin S (p J~T+ Voip). 
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To detect the components which are destroyed by each of these 
.factors separately, we have, by (ii.), for (^—1), the vector 

(<^'-2costf^ + l)p = -2 aSap ( 1 - cos ^ ; 

so that (^ — 1) a = 0, 

which is, of course, true. Again 

(<^- 1)(0 - cos ^- 7^ sin ^)p= - sin tf (1 - €-»V^) (V^a+ 1) Fop, 
which we leave to the student to verify. The imaginary directions 
which correspond to the unreal roots are thus, in this case, parallel 
to the Bivectors 

Here, however, we reach notions which, though by no means 
difficult, cannot well be called elementary. 

A very curious case, whose special interest however is rather 
mathematical than physical, is presented by the assumptions 

for then <^p = ()8 + y) Sap + (y + a) Sfip + (a + )8) Syp 

= (a + j8 + y) /S' (a + )S + y) p - (cu^ap + jSSfip + ySyp) 

= ShS^p + p, 

where 8 is a known unit vector. This function is obviously self- 
conjugate. Its cubic is 

«^»-3<^ + 2 = = (^-l)'(<^ + 2), 

which might easily have been seen from the facts that 

1st, <^8 = -2S, 

2nd, <l>a = a, if SaS = 0. 

The case is but slightly altered when the siffns of a', jS', y' are 
changed. Then 

^p = ^ 3BS8p — p, 
and the cubic is 

^'-30-2 = (<^ + l)"(<^-2) = O. 
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These are mere particular cases of extension parallel to the single 
axis 8. The general expression for such extension is obviously 

<f)p = p — eSSSpy 

and we have for its cubic 

(^-l)'{^-(l+e)} = 0. 

We will conclude our treatment of strains by solving the 
following problem : Find the conditions which m/ust he satisfied hy 
a simple shea/r which is capable ofrediidng a given strain to a pure 
strain. 

Let ^ be the given strain, and let the shear be, as above, 

then the resultant strain is 

= <l> + l3S.<l>'a. 
Taking the conjugate and subtracting, we must have 

= 2F.€-F.(F^'a/3), 
so that the requisite conditions are contained in the sole equation 

This gives (1) /S'./3€ = 0, 

(2) S<l/a€=0 = Sa<l>€. 
But (3) Safi = (by the conditions of a shear), 

so that xa= V. p<f)€. 

Again, (4) 2€» = /S' . ^ a jSc = aS' . a^ (jSc) 

2x^ = S, P<l>€ <l> (/?€) = - m^e', 

or — ma = 2 F . j8"^ ^c 

Hence we may assume any vector perpendicular to c for fi, and 
a is immediately determined. 
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When two of the roots of the cubic in ^ are imaginary let us 
suppose the three roots to be 

Let j3 and y be such that 

Then it is obvious that, by changing throughout the sign of 
the imaginiiry quantity, we have ^ 

These two equations, when expanded, unite in giving by- 
equating the real and imaginary parts the values 

To find the values of cz, /3, y we must, as before, operate on 
any vector by two of the factors of the cubic. 

As an example, take the very simple case 

<l>p = e Yip, 

Here it is easily seen by (m), («), that w= 0, wij = + e", m^ = 0, 

so that ^■ + c'^ = 0, 

that is ff> (<^ + eV^) (<^ -«^/^) = 0. 

As operand take 

then a||F(<^ + eV^)(<^-eV^)p 

II irjy - ^ + p) 

II*. 
Again 

^-y7^||^(^ + eV^P_ 

-jy - fo + V - 1 (% -jz) 
Wjy + kz-J'^U^-h/). 
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With a change of sign in the imaginary part^ this will repre- 
sent 

so that p —jy + Icz^ 

y =jz - Icy. 

Thus, as the student will easily find by trial, P and y form 
with a a rectangular system. But for all that the system of 
principal vectors of ^, viz. 

does not satisfy the conditions of rectangularity. In fact we see 
by the above values of fi and y that 

It may be well to call the student's attention at this point to 
the fact that the tensors of these imaginary vectors vanish, for 

This gives a simple example of the new and very curious 
modifications which our results undergo when we pass to Bi- 
vectors ; or, more generally, to Biqiuiternions. 

As a pendant to the last problem we may investigate the 
relation of two vector-functions whose successive application 
produces rotation merely. 

Here ^ = j/9(~* 

is such that by (w) 

Le.x'-y=xV'"S 
or XX = ^V=^> 

since each of these functions is evidently self-conjugate. This 
shews that the pure pai-ts of the strains xj/ and x ^^ *^® same, 
which is the sole condition. 

One solution is, obviously, 
T. Q. 14 
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L e. eacli of the two is itself a rotation ; and a new proof that any 
number of successive rotations can be compounded into a single 
one may easily be given from this. 

But we may also suppose either of ^, x> suppose the latter, 
to be self-conjugate, so that 

or «AV=?» 

which leads to previous results. 



Examples to Chapter X. 

1. If a, 13, y he A rectangular unit system 

S. Fa</»a ri3<l>l3 Vy^ = --mS. P<f>'-'aS . )S (<^ - <^>, 

and therefore vanishes if ^ be self -conjugate. State in words the 
theorem expressed by its vanishing. 

2. With the same supposition find the values of 

SF. Fa</)a. rp<l>P and of %S. Fa<^aF)3^)S. 
Also of 2 . ouS^a^o. 

3. When are two simple shears commutative ? 

4. Expand _^ in powers of <^, and reduce the result to 
three terms by the cubic in ^. 

6. Shew that ^T.<^p^'p=^^^^r#»^.p^P 

JO . p<pp<p p 

= m Vp<l>p, 

6. Why cannot we expand <^' in terms of <^®, <^, <^"? 

7. Express Vp(l}p in terms of p, <^p, <t>'p, and from the I'esult 
find the conditions that <l>p shall be parallel to p. 
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8. Given tHe coefficients of the cubic in <^, find those of the 
cubics in <^', ^*, <fec. <^". 

9. Prove 



10. Ifm = 



Ay b, c 
a, £, c 
a', b', G 



shew that M. = may be written as 



or €^(£"^")»i = 0. 

11. Interpret the invariants m^ and m^ in connexion with 
Homogeneous Strain. 

12. The cubics in <^i/r and \p<fi are the same. 

13. Find the unknown strains <^ and -^ from the equations 

^ + X = 'ar, 

14. Shew that the value of V{<f>o-x^-^<l>PxP'^^yXf) ^ *^^ 
same, whatever rectangular unit system is denoted by a, ^, y. 

15. Find a system of simple shears whose successive applica- 
tion results in a pure strain. 

16. Shew that, if ^ be self-conjugate, and ^, 97 two vectors, 
the two following equations are consequences one of the other : — 

From either of them we obtain the equation : 

14—2 



1 
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17. Shew that in general any self-conjugate linear and vector 
function may be expressed in terms of two given ones, the 
expression involving terms of the second order. 

Shew also that we may write 

where a, b, c, x, y^ z are scalars, and tzr, a> the given functions. 
What character of generality is necessary in w and cd ? How is 
the solution affected by non-self -conjugation in one or both % 

18. Solve the equations : 

(o) F.ap/3=F.ayj8, 

(6) ap + p^ = y,- 

(c) p + ap/J = aA 

{d) apa-' + ppP"^ypy'\ 

(e) appp = papp. 



APPENDIX. 

We have thought it would be acceptable to many students 
if we should give as an Appendix a brief, and in some cases 
even a detailed, solution of the most important and most difficult 
of the Additional Examples. In doing so, we would add as 
a word of advice, that our solutions be employed simply for the 
purpose of comparison with those which shall occur to the student 
himself. 

Chap. II. 

Ex.4. If ^^-a, BG=py AP=ma, ^P' = m'a, BQ^mfi, 
&c.'j then 

gives ma + a? {(1 - m) a + mp} = m'a + a' {(1 - wi') a + m'/3}, 
whence x = m\ and PE = m'PQ, 

Ex. 6. ABGD is a quadrilateral; AB = a, AC = Py -42) = y, 
AF = ma, BQ = m (j3 — a), <fec. 

The condition FQ + BS=0 

gives (1 - «i) a + m (jS — a) + (1 — m) (y - j8) - my = 0, 

or (l-2m)(a-j3 + y) = 0; 

an equation which is satisfied either when l-2m = 0y or when 
a-)8 + y = 0. 

V 

The former solution is Ex. 5; the latter gives ABGD a 
parallelogram. 
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Ex. 10. Let a, b, c he the points in which the bisectors of 
the exterior angles at A, B, C meet the opposite sides. Let unit 
vectors along BO, CA, AB be a, jS, y; then with the usual nota- 
tion we have 

aa + 6j3 + cy = (1). 

Now Aa = x(P-\-y) = -hP'¥y(pP-\-cy) 

he 



gives X = 



6-.C' 



and -^^"K — 0^ + y)' 
Similarly Bb = (y + a), 

be 
therefore Ab = ft (by 1), 

J be 

Ac^ ly* 

a-b ' 

Hence (6 - c) Aa + (c - a) -46 + (a - b) Ac = 0, 

and also (5 -c) + (c-a) + (a - 6) = 0, 

therefore (Art. 13) a, b, e are in a straight line. 

■ 

Cor. ba : ca :: b — a : c-a. 

Ex. 12. If the figure of Ex. 11^ Art. 23, be supposed to re- 
present a parallelepiped; then, with the notation of that example, 

the vector from to the middle point of OG is ^ (a + jS + S), 

which is the same as the vector to the middle point of AF^ viz. 

a + l(^ + 8-a). 
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Ex. 13. With the figure and notation of Art. 31, the former 
part of the enunciation is proved by the equation. 

a + )3 4- y _ 1 / g -f j8 + y a + fi fi + y y + ^\ 
4 ~i\ 3 "*" ~3~ "*" ~3~ "^ ~3"y • 

Also, if the edges AB, BO, CA be bisected in c, a, 6, the mean 
point of the tetrahedron Oabc is evidently 

l/g + ff P + y y + a\ 
4V 2 2 ■*■ 2 J' 

which proves the latter part of the enunciation. 

Ex. 14. Here we have to do with nothing but the triangles 
on each side of OD, 

UOQ = a, QA=pa, AP = p,FD = qp; 

TO = xOD = TQ^OQ = yQP-OQ 

1 
gives x= =-# 

Similarly, if OS=a\ SB=p'a\ BR^P\ ED^q'^; 

TO = x'OD 
1 



' -I • 



gives X =— , 

But the data are - = — ^ , « = mq'; hence 

q jP 

pq=p'q'i and 05 = 03'; 

therefore jT coincides with T, 

Ex. 15. If ^.5=a, AG=p, MN^^pa, PQ = qP, BS=r(fi^a\ 
we shall have, by making -40 = AP + PO = AE + EOj 

(l-y)a + (l-^))3 = ra + (l-^)03-a); 

therefore p-^q + r =2. 

Ex. 17. Let -5-4 = 0, RB= P, -4P = ma, AD=pa + qP; then 

P2) =^a + qP — ma, 



216 QUATERNIONS. 

and ES =^ JRP -^ PS = JRQ + QS giyeB 

. 1 +m 

whence x = , 

m 

and BS= ^^^{pa + q^) = l±^AD. 



[Or thus : 






1 



QA={l-m)a; QB = ^(fi-^l'-ma), 



1 



i)i?=^(^+l+ma). 



1 



Chap. III. 

Ex. 5. Let ABGB be the quadrilateral; BA^ DB, BG, a, /5, y 
respectively. 

Now ^(y-a)+(y-a)/8 = y()S-a) + 08-a)y 

+ a(y-/3)+(y-^)a. 

Taking scalars, and applying 22. 3, there results^ 
^)8(y-a)=^y(i8-a)+>Sa(y-i8), 
which is the proposition. 

Ex. 6. If o, j8, y be the vectors 0-4, 0^, 0(7 corresponding 
to the edges a^\c\ we have 

F(0^.(7^)=F(a-y)(/?-y) 
= r(a)8 + /3y+ya) 
= (jibh + 6ct + co/, 
the negative square of which is the proposition given. 
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Ex. 7. If Sa(^^y) = and SP{a-'y) = 0, then, by sub- 
traction, will Sy (a — j8) = 0. 

Ex 8, If a» = (j8-y)", )8" = (y-a)«, y» = (a-)8)'; then will 

for these are the same equations in another form; and they prove 
that the corresponding vectors are at right angles to one another. 

Ex. 9. If OA, OB, OC, OJD are a, j8, y> 8; 

triangle BAB : BAG :: tetrahedron OBAB : OB AC 

:: SajBS : SayS 
:: triangle OAB : 0-4(7, 

because the angles which S makes with the planes OAB, OAG are 
equal. 



Chap. IV. 

Ex. 1. Let be the middle point of the common perpendi- 
cular to the two given lines ; a, — a, the vectors from to those 
lines, unit vectors aloug which are P, yi p the vector to a point 
P in a line QR which joins the given lines ; F being such that 
EF=mPQ; therefore 

p + a - yy s= w* (a + aj)8 — p). 

Now since a is perpendicular to both P and y, the equation 
gives (1 + m) Sap = (w — 1) a' ; a plane. 

Ex. 2. Retaining what is necessary of the notation of the 
last example, let 0S= 8. 

If FB perpendicular on y meet P in Q, we have 
— a + yy + EF=p, which gives yy* = Syp ; 
BQ = 2a + a;j3 - yy, which gives yy' = xSPy ; 
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and ^P" = e"P^ gives 

whicH being of the second degree in p shews that the locus is a 
surface of the second order. See Chap. VI. 

Ex. 3. The equation of the plane is 

Syp = a, 

which, being substituted in the equation of the surface, gives 
what is obviously the equation of a circle. 

Ex. 4. With the notation of Ex. 1, let 8, 8' be the perpen- 
diculars on the lines, 

then p+h = a + xfi gives 7^88 = - F)S (p - o), 

and the condition given may be written 

.-. r")3(p-a) = e»ry(p + a). 
Now (22. 9) 

P)3(p-a)=-/3»(p-a)« + ^»^(p-a), 
whence p" - 2Sap + a* + S'Pp = e* (p" + 2AS'ap + a' + S'yp), 
a surface of the second order. 

Ex. 6. Sp ()S + y) = c, a plane perpendicular to the line which 
bisects the angle which parallels to the given lines drawn through 
make with one another. 

Ex. 7. a, /8 the vectors to the given points A, B, 

Syp = a, SBp = h 

the equations of the planes, y, 8 being unit vectors. 

xy, yB the vector perpendiculars from A on the planes, then 

X = Say — a, y = ScL^ - 5, 

.% aj + y = /ya(y + 8)-(a4-6) (1). 
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Hence by the question 

or ^08-a)(y + 8) = O (2). 

Now equation (1) will give the sum of the perpendiculars oil 
the planes from any other point in the line ABhj simply writing 
a + « ()8 — a) in place of a ; and from equation (2) this will pro- 
duce no change. 

Ex. 8. If ^ be the vector to (7, equation (2) of the last 
example gives 

Now the sum of the perpendiculars from any other point in 
the plane will be found from equation (1) by writing 

a+»(i3-a)4-2;'(/3'-a) 

in place of a. Hence the proposition. 

Ex. 10. Tait's Quaternions, Art. 213. 

Ex. 11. Let a, )3, y, 8 be the vectors OA, OB, 00, OD; 
then (34. 5, Cor.) 

8 = ^. aj3y . (Fa)3 + F)Sy + Fya)-^ 

^ ahc (bd + caj + ctbk) y, ^ 

" (d^)*T(5^« + (^'^ ^ ^* 

Now 

triangle ABD : triangle ABO 

: : tetrahedron OABD : tetrahedron OABO 

S. a/38 : S. a)3y 

S . ahijh : S . ahcijk 

{ahy : (a6)" + (6c)'+(ca)« 

(triangle AOBf : (triangle ABO)\ 

(Chap. III., Additional Ex. 6.) 
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Ex. 12. This is merely the equation 

with t eliminated by taking the product of Fop, V^p. (See 55. 3.) 

Chap. V. 

Ex. 3. Let a, a' be the radii of the circles ; a, p the vectors 
from the centre of one of them to that of the other, and to the 
point whose locus is required ; then 

Tp T(p-a) 



a a' 



Ex. 7. This is the polar reciprocal of Ex. 3, Art. 40. 

Ex. 8. Let -4 be the origin, -4-B = )3, -4(7 = y, the vector to 
the centre a : then 

= 2pSay-2ySaP from the circle; 
.-. S.aV{AB.BC.GA) = 0. 

Ex. 9. Tait, Art. 222. 

Ex. 10. Tait, Art. 221. 

Ex. 11. Tait, Art. 223. 

Ex. 12. Tait, Art. 232. 

Chap. YI. 

Ex. 1. Let 8 be the vector to the given point, ir the vector to 
the point of bisection of a chord, ^ a vector parallel to the chord, 
all measured from the centre ; then 

8 = TT 4- xP, 

SirKJ}^ = SirffiTr (48); 
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from which by making 

we get ^P^f> = 7 SS<f>8y 

an ellipse whose centre is at the point of bisection of the line 
which joins the given point with the centre of the given ellipse. 

Ex. 2. Let 25 be the shortest distance between the given 
lines ; 6 their angle of inclination ; 2a the line of constant length ; 
then as in Ex. 2, Chap. lY., 

- 4a' = (2a + a;j8 - yy)", 
2p = fcjS + yy; 
the former gives 

af + ^-2xycose = 4{a*"h') (1), 

the latter 

which, since i^ + y, )8 — y are vectors bisecting the angles between 
the lines and therefore at right angles to one another, is an equa- 
tion of the form of that in Art. 55. 2 ; whilst equation (1) satisfies 
the condition 

(aj + y)" + wi(a;-y)' = c, 

which is requisite for an ellipse. 

Ex. 3. Let a be a vector semi-diameter, parallel to a chord 
through ; 8 the vector to : then 

p = 8 + oja 

^ves ^8<^8 + 2xS&<f>a + x'Sa<l>a = 1 , 

which, since Saff>a=l, 

shews that the product of the two values of x is constant ; hence 
the rectangle by the segments of the chord varies as a', which is 
the proposition. 
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Ex. 4. With the usual notation, let CE, CE' be semi- 
diameters parallel to DPy D'P^ and let their vectors be m (a — ^), 
n (a + )S) ; then since P, 2), E^ E are points in the ellipse, 

.'. 2m* =1. Similarly 2w* = 1, m = 7i, 

and DP ; JDT :: Tia-fi) : ^(a + j8) 

Tm{a-P) : rn(a + j8) 
CE : C-^'. 

Cor. Since m = -j^, CE : DP :: 1 i Ji. 

Ex. 5. Put na\ np' in place of a, p in equation (1), Art. 43. 

Ex. 6, 7. With everything as in Ex. 4, CE^CE' being no^ 
semi-diameters in the direction of diagonals of the parallelogram^ 

SCE<i>CE' = ^S{a^p)4,{a + P) 

= 0; 

hence CE, CE' are conjugate. 

"f 
Ex. 8. S (a + P) <f> (a ■{■ P) = 2 gives an ellipse, whose equation 

is 

Sp<l/p = ly where <ji'=?; 

hence the diameters of the locus are to those of the given ellipse 

:: V2 : L 

Ex. 9. If y be a unit vector to which the lines are parallel, 
p, p' points in which the lines cut the ellipse, 

p^ai-^: my, p =hj •\- wy, 

and JSp<l>p = l gives 



Similarly 2hSj<l>y + wiSy^y 



2aSi<l)y + mSyffyy = 0^ .- . 

2bSjdyy + nSy<hy = 0) "'^ ^' 
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Now Sp<f>p = an Siffyy + hmSj^ + mnSy<f>y 

= 0, hj equations (1) ; 

.•. p, p' are conjugate. 

Cor. The same demonstration applies when the diameters 
from whose extremities parallels are drawn, are any conjugate 
diameters whatever, i, j being parallel to those diameters. 

Ex. 10. Let (7P, CP be any two semi-diameters, their vec- 
tors being a, a'j FQ the semi-ordinate to CP'j CQ = 'rutf ; then 

S{FQ. ^a') = 
gives ^ (^ ■■ ^^') <A*' = ^> 

Now the area of the triangle QCP is proportional to 

7{CP.CQ), 
i.e. to nVaa! or to 

Sa<fio! , Faa', 

which, being symmetrical in a, a', proves the proposition. 

Ex. 11. If the tangent at P' meet GP produced in jT, 

CT=ma; 
then, since F'T is perpendicular to ^a', 

1 

and area P'C^ is proportional to V{GP' .CT), i.e. to «— r-/> 
which is symmetrical in a, a'. 

Ex. 12. Let a,' p be the vector semi-diameters of the larger 
ellipse j the centre ; the centre of the smaller ellipse, whose 
equation is 

Spi>p = c, 



\ ■• r 
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y a vector along PQR ; then 



0Q= 


a + B 






- K"^^ 


■<^)*{ /■ 


i-Xy\ = e 








-s"/*' 


% + P 
2 ' 



and since CQ = a+p+xy, 

hence FB is conjugate to CQ, and therefore bisected at Q, 
Ex. 13. This is simply a combination of 49. 2 and 49. 1. 

Chap. VIL 

Ex. 3. The equation of the circle is 

/ ay 9 . 



which by 52. 1 gives 



which (52. 11) is the proposition. 

Ex« 5, If be the centre of the circle, Q a point at which it 
meets the tangent at A ; then, with the notation of 55. 1, 

<20' = {aa+i(p-aa)-.^i8}»=j(p-aa)», 

.-. xf^/P-zSpp + aSap^O, 

i.e. «*-«y + ?7 = 0, 

4 

which gives two equal values of z ; hence the proposition. 



■»«■ 
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Ex. 6. With any point as origin, let j8, y be the vectors to 
the two given points, ir the vector to the focus of one of the 
parabolas. Write aa in place of a in equation (1), Art 52, a 
being a unit vector ; 

then - ()8 - ir)" = {a + /Sii ()8 - it)}" (1) 

-(y-7r)« = {a + ^a(y-7r)}', 

whence, by subtraction, 

which gives a by a simple equation in ^; and then equation (1) 
becomes a quadratic in ir, 

Ex. 8. If two tangents meet at T, it is easy, as in Ex. 5, 
Art. 55^ with the notation available for the focus, to jQnd 

and S{ST. ST') = will follow at once, from the fact that 

Ex. 9. Let P be the point of contact, FQ the chord, TFF the 
line parallel to the axis cutting the curve m Ej-, E the origin ; 

EF=^a + tp, ET=^^a, 
EF=EF-^FF = ya + z^-^a + (t-t')p\; 
whence 
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, y=- 


'2' 
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Ex. 10. This is evident from equation (1), Art. 52. 
T. Q. 15 
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Ex. 11. With the notation of Art 62, let 

.'. aj'(a-2/>) =a + S, 
«' (a" - 2Sap) = a*. 

But p, -xp being vectors to the parabola, equation (1), Art. 
52, gives 

of (a« - SapY = (a" + xSap)', 

.-. x{a'-Sap)=a' + xSap, 

x ^a* - 2Sap) = o", 
• • X ^ X f 

and the proposition is true (Euc. VI. 2). 
Ex. 14. Tait, Art. 43, Cor. 2. 

Ex. 15. 

CF= o« + ^ gives Cr= 2at, 

t ^t 

so that the equation of RQPR is 



p=a<+f+a,(««-|), 



whence for i^ and R the values of x are 2 and — 1 ; therefore 

I 

CR=Z<U, CR = \^, 

z t 
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Ex. 16. If CR = acL\ a + mp, a-mfi vectors parallel to the 
given conjugate diameters, 

CP = aa + a; (a + mfi) = a< + — , 
C72> = oa + aj' (a - w/3) =a«'- ^ , 



give t^t'; therefore GP, CD are conjugate. 

Ex. 18. Adopting the figure and notation of Ex. 2 of the 
hyperbola, Art. 55, we have 

GR = 2Xta, Gr = 2X§; 

V 

therefore QR = {X-' Y) (ta - ^ , 

and • rQ.QR={X^-T^)(ta^^ 

= P0«, since X"-F"=l. ' 

As an example of combining not merely the forms but the 
results of the Cartesian Geometry with Quaternions, we will add 
one more example. 

If GP, GD; GFy GU he two 'pair 9 of conjugate semi-diameters 
of an ellipse, PJD' will he parallel to FB. 

Let CP, GF be denoted, as in Art. 65. 2, by aa + y^, a; a + y'^ 
respectively; then CZ), GJy will be represented by 

a h g^ a , h ,n 

with the conditions 

aY + h'a? = a'h\ ay + b'x"'='a!'b'' (1). 



Now vector 2y/'=faj + -7 j/'J o+ ^y — -aj'jjS) 



15—2 



228 QUATERNIONS. 



i)P'=(«' + |y)a+(y'-^«))8. 



But equations (1) give, by subtraction, 

a . h J , a , b 

* + Ty- y — * •• *+Ty • y — ^ 

a o a 

therefore D*P is a multiple of DP' and consequently parallel to it. 

Cor. FD' : FD : : aj/ +hx : ay + hx. 

Chap. Vni. 

Ex. 1. With the notation of Additional Ex. 1, Chap. IV., 
the perpendiculars are 

p-a-xp, p + a-yy, 

so that S^p = x^, Syp = y/; 

and by the question, 

{p-a- y5-5y3p)' = e" (p + « - y-'Syp); 
a surface of the second order in p. 

Ex. 3. The equations iSp^p = 1, <S'ir^p = 1, with the condition 

TT = x<l>p, give 

1 _ it" 

-jtSv^ V=l, — = 1 respectively, 

therefore Sirif>~^v = tt*, 

whence the Cartesian equation. 

Ex. 4. If a, p, y are the vector radii, 

Sa<f>a ^ (SiUaY (SjUaY {SkUaf 
{Taf a* "^ 6» "^ c« ' 

(fee. = (fee. 

Adding and observing that SaKf>a= 1, &c., there results 

1 1 1111 



J —J. =:= J. _ 4. 



(2V {Tpy {Tyf a' b' (^' 



APPENDIX. 229 

Ex. 5. As in Ex. 8, Art. 64, 



and if vector OQ^ = a;^a, the ellipsoid gives 

_ (Siay (SjaY (SkaY 
" a' b' c' ' 

and, since 

{SiaY + (SipY + {SiyY = a' 

(Ex. 7, Art 64), the result required is obtained by simply 
adding. 

Ex. 6. Let pk be the vector distance from the origin, of the 
plane parallel to acy, ir a point in it; then Sk{'jr—pk) = gives 
Sirk = const. 

Kow Sp<lm = 1 is the equation of the plane of contact, and if 
zk be the point in which this plane cuts the axis of z^ zSkffnr = 1, 
Le. zSv<f>k = 1, gives z. 

Now ^ is a multiple of k, and since Svk is constant, z is 
constant. 

Ex. 7. The equations of the ellipsoids 

Sp<l>p = l, S(p-a)<l}{p-a) = l, 
give «Sp<^ = const, as the plane of contact. 

Ex. 8. If pa be the vector to the point in the line OA ; the 
equation of its polar plane is Spa<l>p = 1 j and the square of the 
reciprocal of the perpendicular from the centre on this plane is 
-p'{<l>aY> Hence the conclusion by Ex. 8, Art. 64. 

Ex. 9. Let p be the vector to P j <h Pi y vector radii parallel 
to the chords ; then 

p + ajo, p + yp, P-^^, 
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will be the vectors to -4, J5, C; and since P, A, B, C are 
points in the ellipsoid 

Sp<f>p = l, 2Sp<l>a-^x = 0, 2Sp<l>l3 -\- y = 0, 

The equation of the plane ABO is (34. 5) 

S.^ir — p) {xyap + yz^y + ZXya) = xyzS . aj8y, 
and since a, /3, y are at right angles to one another, 

therefore the equation of the plane ABC becomes 

which is satisfied by 

ir — p = Tn^p, 

where 

and therefore Ex. 4 above gives 

2 






Chap. IX. 
Ex. 2 and 3. Employ formula 11. 
Ex. 5. Since 

formulaB 4 and 6 give the required result. 

Ex. 6. Apply formula 10 to Ex. 5. 

Ex. 8. (a^y)"^ = a^y . a)8y = aj8y (S.a^y + V, a^y) 

= a)8y(^.a)8y + F.yj3a) 
= aPy(ypa+2S.aPy) 
= a'fiy+2al3yS.apy. 
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Ex. 9. Formula 10 gives the vector of the product of three 
vectors a, )8, y, under the form a - /3' + y where a! = fluSjSy, <kd. 

Hence the required scalar may be written 

^.(a'-i8'+y)(a' + )3'-y)(-a' + ^ + y); 

and as the scalar part of this product is that which involves all of 
the three vectors a, )S', y we have exactly as in the demonstrar 
tion of formula 5, 

SiVaPyVPyaVyaP) 

= S, a, -^, y 

'Of ' 

10. The scalar part, by formula 16, is reduced to 
SaZSPy - Sa.ySpi - SohS^y + /^a)8AS'y8 + ^ay^Si^y - Sa.pSyh, 
which is identically 0. 

The vector part, by foimula 12, is 

aS.ySP-pS.y^-^aS.BPy-yS.Spa-^aJS.PyS-SS.pya, 
which, by formula 13, reduces to 

2a^. )8y8. 

12. If, for brevity, we denote S, a)3y, V, a)8y respectively by 
S and r, we have, by formula 7, 

2a»^«y'^ + a- {fiyY + p' (ay)» + / (apY - (ajSy)' 

= 2a)8y . y/3a + )8ya . ajSy + ayj3 . )8ay + a)8y . ya)8 - (afiyY 

= 2{S+V)(-'S-^V)-^{S'-V+2aJSpy){S+T) 

+(^+r)(AS-r+2y^ai8)-(^+r)" 

= 4:aySal3Sliy, 

The student is recommended to verify a few examples such as 
the above, by putting 

a = i, P = ai-^bj-^ck, y = a'i-^h'j + c'ky 
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with the conditions 

o« + 6" + c« = l, a'« + 6"^-c'« = l. 

The quaternion equality will then reduce itself to four alge- 
braic equalities, one of which is obvious, and the others are 

^* + r«-a'»-a" + 2aa'm = 0, 

pq'-Tn/r + a*c' -\-ac- 2ac'm = 0, 

qr + mp -f a'6' + a6 — 2ab'm = 0, 

where m = aa' -^bb' -^cc'y p^ab' ^a'b\ 

q = bc' — b'Cf r=^ca'-c'a. 

Ex. 13. 

Ex. 14. By 34. 8, we have 

a S.SPy BCD 

therefore the same Article gives 

^a.BCD*p.CI>Ad.y.I)AB^8.ABG = 0; 

and since the scalar of the product of this vector by the vector 
perpendicular to the plane in which -4, B, C, D lie gives the right- 
hand side of Ex. 13, we obtain 

a.BCD-p.CDA + y.DAB-S.ABC=^0, 
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Crown 8vo. 7/, 6d. 

Cotterill.— APPLIED MECHANICS : an Elementary General 
Introduction to the Theory of Structures and Machines. By 
JAMES H. Cotterill, F.R.S., Associate Member of the Council 
of the Institution of Naval Architects, Associate Member of the 
Institution of Civil Engineers, Professor of Applied Mechanics in 
the Royal Naval College, Greenwich. Medium 8vo. i8j. 

Day (R. E.) -electric light arithmetic. By R. E. 

Day, M.A., Evening Lecturer in Experimental Physics at King's 
College, London. Pott 8vo. 2s. 

Drew.— geometrical TREATISE ON CONIC SECTIONS. 
By \V. H. Drew, M.A., St. John's College, Cambridge. New 
Edition, enlarged. Crown 8vo. 5^. 

Dyer. — EXERCISES IN ANALYTICAL GEOMETRY. Com- 
piled and arranged by J. M. Dver, M.A., Senior Mathematical 
Master in the Classical Department of Cheltenham College, With 
Illustrations. Ciown 8vo. 41. 6cl. 

Eag:les.— CONSTRUCTIVE GEOMETRY OF PLANE 
CURVES. By T. H. Eagles, M. A., Instructor in Geometrical 
Drawing, and Lecturer in Architecture at the Royal Indian £n- 
fjineering College, Cooper's Hill. With numerous Examples. 
Crown 8vo. 12s. 

Edgar (J. H.) and Pritchard (G. S.). — notebook on 

PRACTICAL SOLID OR DESCRIPTIVE GEOMETRY. 
Containing Problems with help for Solutions. By J. H. Edgar, 
M.A., Lecturer on Mechanical Drawing at the Royal School of 
Mines, and G. S. Pritchard. Fourth Edition, revised by 
Arthur Meeze. Globe 8vo. 45. 6J, 

Edwards.— A TEXT-BOOK OF DIFFERENTIAL CAL- 
CULUS. By Rev. Joseph Edwards, M.A. Crjwn 8vo. 

[In the press. 

Ferrers. — Works by the Rev. N. M. Ferrers, M.A., Master of 
Gonville and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON TRILINEAR CO- 
ORDINATES, the Method of Recipipcal Polars, and the Theory 
of Projectors. New Edition, revised. Crown 8vo. 6*. 6^. 

AN ELEMENTARY TREATISE ON SPHERICAL HAR- 
MONICS, AND SUBJECTS CONNECTED WITH THEM. 
Crown 8vo. 71. 6J, 
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Forsyth, — a TREATISE ON DIFFERENTIAL EQUA- 
TIONS. By Andrew Russell Forsyth, M.A., Fellow and 
Assistant Tutor of Trinity College, Cambridge. 8vo. 14-f. 

Frost. — Works by Percival Frost, M.A., D.Sc, formerly Fellow 
of St. John's College, Cambridge ; Mathematical Lecturer at 
King's College. 
AN ELEMENTARY TREATISE ON CURVE TRACING. By 

Percival Frost, M.A. Svo. 12. 
SOLID GEOMETRY. A New Edition, revised and enlarged, of 
the Treatise by Frcjst and Wolstenholme. In 2 Vols. Vol. I. 
Svo. 16s. 

Greaves. — a treatise on elementary statics. By 

John Greaves, M.A., Fellow of Christ's College, Cambridge. 
Crown Svo. [In the press. 

Greenhill.— DIFFERENTIAL AND INTEGRAL CAL- 
CULUS. With Applications. By A. G. Greenhill, M.A., 
Professor of Mathematics to the Senior Class of Artillery Officers, 
Woolwich, and Examiner in Mathematics to the University of 
London. Crown Svo. 7^. (id. 

Halsted. — the elements of geometry. By George 
Bruce Halsted, Professor of Pure and Applied Mathematics, 
University of Texas. Svo. 12s. 6d. 

Hemming. — AN ELEMENTARY TREATISiE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, with 
Corrections and Additions. Svo. gs. 

IbbetSOn.— THE MATHEMATICAL THEORY OF PER- 
FECTLY ELASTIC SOLIDS, with a short account of Viscous 
Fluids. An Elementary Treatise. By William John Ibbetson, 
B.A., F.R.A.S., Senior Scholar of Clare College, Cambridge. 
Svo. [/w theprtss. 

Jellet (John H.).— a TREATISE ON THE THEORY OF 
FRICTION. By John H. Jellet, B.D., Provost of Trinity 
College, Dublin ; President of the Royal Irish Academy. Svo. 
- 8j. 6</. 

Johnson. — Works by William Woolsey Johnson, Professor of 
Mathematics at the U.S. Naval Academy, Annopolis, Maryland. 

INTEGRAL CALCULUS, an Elementary Treatise on the; 
Founded on the Method of Rates or Fluxions. Demy Svo. %s. 

CURVE TRACING IN CARTESIAN CO-ORDINATES. 
Crown Svo. 4J. dd. 
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Kelland and Tait. — introduction to quater- 

NIONS, with numerous examples. By P. Kelland, M.A., 
F. R.S., and P. G. Tait, M.A., Professors in the Department of 
Mathematics in the University of Edinburgh. Second Edition. 
Crown 8vo. yx. 6d, 

Kempe. — how to draw a straight LINE: a Lecture 
on Linkages. By A. B. Kempb. With Illustrations. Crown 8vo. 
IX. 6d. {Nature Series.) 

Kennedy.— THE MECHANICS OF MACHINERY. By A. 
B. W. Kennedy, M.InstC.E., Professor of Engineering and 
Mechanical Technology in University Collie, London. Crown 
8yo. [Nearly ready. 

Knox. — ^DIFFERENTIAL CALCULUS FOR BEGINNERS. 
By Alexander Knox. Fcap. 8vo. 3J. 6d, 

Lock. — Works by Rev. J. B. Lock, M. A., Senior Fellow, Assistant 
Tutor and Lecturer in Mathe natics, of Gonville and Caius College, 
Cambridge ; late Assistant-Master at Eton. 

DYNAMICS FOR BEGINNERS. Globe 8vo. [Jn preparation. 

ELEMENTARY TRIGONOMETRY. Globe 8vo. 4J. 6d. 

HIGHER TRIGONOMETRY. Globe 8vo. 41. 6d. 
Both Parts complete in One Volume. Globe 8vo« ^s. 6d, 

TRIGONOMETRY FOR BEGINNERS, as far as the Solution of 
Triangles. Globe 8vo. 2s. 6d. 

(See also under Arithmetic) 

McClelland and Preston — a treatise ON spherical 

TRIGONOMETRY. With numerous Examples. Part I. To the 
End of Solution of Triangles. By William T. M*Clelland, 
Sch. B.A., Principal of the Incorporated Society s School, Santry, 
Dublin, and Thomas Preston, Sch. B. A. Crown 8vo. 4r. 6d. 

[Part II. in the Press. 

Lupton. — ^ELEMENTARY CHEMICAL ARITHMETIC. Wiih 
1,100 Problems. By Sydney Lupton, M.A., Assistant-Master 
in Harrow School. Globe 8vo. 5j. 

Macfarlane,— PHYSICAL ARITHMETIC. By Alexander 
Macfarlane, M. a., D.Sc, F.R.S.E., Examiner in Mathematics 
to the University of Edinburgh. Crown 8vo. ^s. 6d. 

Merriman. — a text BOOK of the method of least 

SQUARES. By Mansfield Merriman, Professor of Civil 
Engineering at l4ehigh University, Member of the American 
Fhilosophiod Society, American Association for the Advancement 
of Science, American Society of Civil Engineers* Club of Phila- 
delphia, Deutschen Geometervereins, &c. Demy 8vo. 8f . 6d. 
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Millar. — elements of descriptive geometry. By 
J.B. Millar, C.E., Assistant Lecturer in Engineering in Owens 
College, Manchester. Crown 8vo. dr. 

Milne. — weekly problem papers, with Notes intended 
for the use of students preparing for Mathematical Scholarships, 
and for the Junior Members of the Universities who are reading 
for Mathematical Honours. By the Rev. John J. Milne, M.A.\ 
Second Master of Heversham Grammar School, Member of the 
London Mathematical Society, Member of the Association for the 
Improvement of Geometrical Teaching. Pott 8vo. 4s. 6d. 
SOLUTIONS TO WEEKLY PROBLEM PAPERS. By the 
same Author. Crown 8vo. los. 6d, 

Muir. — A TREATISE ON THE THEORY OF DETERMI- 
NANTS. With graduated sets of Examples. For use in 
Colleges and Schools. By Thos. Muir, M.A., F.R.S.E., 
Mathematical Master in the High School of Glasgow. Crown 
8vo. ^s, 6d. 

Parkinson.— AN ELEMENTARY TREATISE ON ME- 
CHANICS. For the Use of the Junior Classes at the University 
and the Higher Classes in Schools. By S. Parkinson, D.D , 
F.R.S., Tutor and Prselector of St. John's College, Cambridge. 
With a Collection of Examples. Sixth Edition, revised. Crown 
8vo. 9^. 6d. 

Pirie. — LESSONS ON RIGID DYNAMICS. By the Rev. G. 
Pirie, M.A., late Fellow and Tutor of Queen's College, Cam- 
bridge ; Professor of Mathematics in the University of Aberdeen. 
Crown 8vo. 6j. 

Puckle.— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Solution ; especially designed for the 
Use of Beginners. By G. H. Puckle, M.A. Fifth Edition, 
revised and enlarged. Crown 8vo. 7^. 6d. 

Reuleaux.— THE kinematics of machinery. Out- 
lines of a Theory of Machines. By Profe?isor F. Reuleaux. 
Translated and Edited by ^Professor A. B. W. Kennedy, C.E. 
With 450 Illustrations. Me^dium 8vo. 211. 

Rice and Johnson differential calculus, an 

Elementary Treatise on the ; Founded on the Method of Rates or 
Fluxions. By John Minot Rice, Professor of Mathematics in 
the United States Navy, and William Woolsey Johnson, Pro- 
fessor of Mathematics at the United States Naval Academy. 
Third Edition, Revised and Correcled. Demy 8vo. ids. 
Abridged Edition, 8j. 
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Robinson. — ^treatise on marine surveying. Pre- 

pared for the use of younger Naval Officers. With Questions for 

Examinations and Exercises principally from the Papers of the 

Royal Naval College. With the results. By Rev. John L. 

Robinson, Chaplain and Instructor in the Royal Naval College, 

Green\^ich. With Illustrations. Crown 8vo. 'js, Oei, 

CoMTBNTS. — Symbols used ia Charts and Surveying— The Construction and Use 
cf Scales— Laying oflF Angles— Fixing Positions by Angles — Charts and Chart- 
Drawing— Instruments and Observing — Base Lines— Triangulation — Levelling— 
Tides and Tidal Observations— Soundings— Chronometers — Meridian Distances 
— Method of Plotting a Survey— Miscellaneous Ejcercises— Index. 

Routh. — Works by EDWARD John Routh, D.Sc, LL.D., 
F.R.S., Fellow of the University of London, Hon. Fellow of St. 
Peter's College, Cambridge. 

A TREATISE ON THE DYNAMICS OF THE SYSTEM OF 
RIGID BODIES. With nuaierous Examples. Fourth and 
enlarged Edition. Two Vols. 8vo. VoL I. — Elementary Parts. 
14J. Vol. II. — The Advanced Parts. 14s. 

STABILITY OF A GIVEN STATE OF MOTION. PAR- 
TICULARLY STEADY MOTION. Adams' Prize Essay for 
1877. 8vo. Ss.6d. 

Smith (C). — Works by Charles Smith, M.A., Fellow and 

Tutor of Sidney Sussex College, Canabridgc. 
CONIC SECTIONS. Second Edition. Crown 8vo. 7s. 6d. 
AN ELEMENTARY TREATISE ON SOLID GEOMETRY. 

Crown 8vo. 9^. 6d. (See also under Algtbra.) 

Snowball — ^THE ELEMENTS OF PLANE AND SPHERI- 
CAL TRIGONOMETRY; with the Construction and Use of 
Tables of Logarithms. By J, C. Snowball, M.A. New Edition. 
Crown 8vo. 7j. 6d, 

Tait and Steele. — ^a treatise on dynamics of a 

PARTICLE. With numerous Examples. By Professor Tait 
and Mr. Steele. Fourth Edition, revised. Crown 8vo. 12s. 

Thomson. — a TREATISE ON THE MOTION OF VORTEX 
RINGS. An Essay to which the Adams Prize was adjudged in 
1882 in the University of Cambridge. By J. J. Thomson, Fellow 
of Trinity College, Cambridge, and Professor of Experimental 
Physics in the University. With Diagrams. 8vo. ts. 

Todhunter. — Works by I. Todhunter, M.A., F.R.S., D.Sc, 

late of St. John's College, Cambridge. 
*' Mr. Todhunter is chiefly known to students of Mathematics as the author of a 
series of admirable mathematical text-books, which pO!>se$s the rare qualities of being 
ckar in style and absolutely free from mistakes, typographical and other." — 
Saturday Rbvirw 
TRIGONOMETRY FOR BEGINNERS. With numerous 
Examples. New Edition. iSmo. 2s. 6J, 
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Todhunter. — Works by I. ToDHUNTER, M.A., &c. {continued) — 
KEY TO TRIGONOMETRY FOR BEGINNERS. Crown 8va 

85. ed, 

MECHANICS FOR BEGINNERS. With numerous Examples. 

New Edition. i8mo. 4J. 6d, 
KEY TO MECHANICS FOR BEGINNERS. Crown 8vo. 

6s, 6d. 
AN ELEMENTARY TREATISE ON THE THEORY OF 

EQUATIONS. New Edition, revised. Crown 8vo. ^s. 6d. 
PLANE TRIGONOMETRY. For Schools and Colleges. New 

Edition. Crown 8vo. 5^. 
KEY TO PLANE TRIGONOMETRY. Crown 8vo. loj. 6./. 
A TREATISE ON SPHERICAL TRIGONOMETRY. New 

Edition, enlarged. Crown 8vo. 4^. 6d. 
PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 

Line and the Conic Sections. With numerous Examples. New 

Edition, revised and enlarged. Crown 8yo. yj. 6d. 
A TREATISE ON THE DIFFERENTIAL CALCULUS. With 

numerous Examples. New Edition. Crown 8vo. loj. 6</. 
A TREATISE ON THE INTEGRAL CALCULUS AND ITS 

APPLICATIONS. With numerous Examples. New Edition, 

revised and enlarged. Crown 8vo. lor. 6d. 
EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 

DIMENSIONS. New Edition, revised. Crown 8vo. 4^. 
A HISTORY OF THE MATHEMATICAL THEORY OF 

PROBABILITY, fiom the time of Pascal to that of Laplace. 

8vo. 1 8 J. 
RESEARCHES IN THE CALCULUS OF VARIATIONS, 

principally on the Theory of Discontinuous Solutions : an Essay to 

which the Adams* Prize was awarded in the University of Cam- 
bridge in 1 871. 8vo. 6s, 
A HISTORY OF THE MATHEMATICAL THEORIES OF 

ATTRACTION, AND THE FIGURE OF THE EARTH, 

from the time of Newton to that of Laplace. 2 vols. 8vo. 24/. 
AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, 

AND BESSEL'S FUNCTIONS. Crown 8vo. 10s. 6d, 

Wilson (J. M.).— SOLID GEOMETRY AND CONIC SEC- 
TIONS. With Appendices on Transversals and Harmonic Division. 
For the Use of Schools. By Rev. J. M. Wilson, M.A. Head 
Master of Clifton College. New Edition. Extra fcap. 8vo. 3j. 6d. 

Wilson.— GRADUATED EXERCISES IN PLANE TRI- 
GONOMETRY. Compiled and arranged by I. Wilson, M.A., 
and S. R. Wilson, B.A\ Crown 8vo. 4?. 6d. 

**Thc exercises seem bea tifully graduated and adapted to lead a student on most 
gently and pleasantly."— E. J. Routh, F.R.S., St. Peter's College, Cambridge. 

(See also Elementary Geometry,) 



14 'MACMILLAN'S EDUCATIONAL CATALOGUE. 

Woolwich Mathematical Papers, for AdTiission into 

the Royal Military Academy, Woolwich, 1880—1884 inclusive. 
Crown 8vo. xr. 6d, 

Wolstenholme.— MATHEMATICAL PROBI,EMS, on Sub- 
jects included in the First and Second Divisions of the Schedule of 
subjects for the Cambridge Mathematical Tripos Examinaiion. 
Devised and arranged by Joseph Wolstenholme, D.Sc., late 
Fellow of Christ's College, sometime Fellow of St. John's College, 
and Professor of Mathematics in the Royal Indian Engineering 
College. New Edition, greatly enlarged. 8vo, iSs, 

EXAMPLES FOR PRACTICE IN THE USE OF SEVEN- 
FIGURE LOGARITHMS. By the same Author. [In preparation. 



SCIENCE. 

(i) Natural Philosophy, (2) Astronomy, (3) 
Chemistry, (4) Biology, (5) Medicine, (6) Anthro- 
pology, ly) Physical Geography and Geology, (8) 
Agriculture, (9) Political Economy, (10) Mental 
and Moral Philosophy. 

NATURAL PHILOSOPHY. 

Airy. — Works by Sir G. B. Airy, K.C.B., formerly Astronomer- 
Koyal. 

UNDULATORY THEORY OF OPTICS. Designed for the Use 
of Students in the University. New Edition. Ctown 8vo. 6s. 6d. 

ON SOUND AND ATMOSPHERIC VIB^RATIONS. Wirh 
the Mathematical Elements of Music. Designed for the Use of 
Students in the University. Second Edition, revised and enlarged. 
Crown 8vo. 91. 

A TREATISE ON MAGNETISM. Designed for the Use of 
Students in the University. Crown 8vo. gr. 6d, 

GRAVITATION: an Elementary Exjjlanation of tMe Principal 
Perturbations in the Solar System. Second Edition. Crown 8vo. 
' *js. dd. 

Alexander (T.). — elementary applied mechanics. 

Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of Ele- 
mentary Mathematics. By T. Alexander, C.E., Professor of 
Civil Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown 8vo. Part I. 4^. 6d. 
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Alexander — Thomson. — elementary applied 

MECHANICS. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial Collie of Engineering, Tokei, Japan : 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
Engineering at the Royal College, Cirencester. Part II. Trans- 
vsiiSE Stress ; upwards of 150 Diagrams, and 200 Examples 
Carefully worked out ; new and complete method for finding, at 
every point of a beam, the amount of the greatest bending 
moment and shearing force during the transit of any set of loads 
fixed relatively to one another — eg,^ the wheels of a locomotive ; 
continuous beams, &c., &c. Crown 8vo. lof. 6^. 

Ball (R. S.).— EXPERIMENTAL MECHANICS. A Course ©f 
Lectures delivered at the Royal College of Science for Ireland. 
By Sir R. S. Ball, M.A., Astronomer Royal for Ireland. 
Cheaper Issue. Royal 8vo. lor. d^/. 

Chisholm.— THE SCIENCE OF WEIGHING AND 
MEASURING, AND THE STANDARDS OF MEASURE 
AND WEIGHT. By H. W. Chisholm, Warden of the Standards. 
With numerous Illustrations. Crown 8vo. ^. 6d. (Nature Series,) 

Clausius.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo. los, (>d, 

Cotterill. — applied mechanics.- an Elementary General 
Introduction to the Theory of Structures and Machines. By 
James H. Cotterill, F.R.S., Associate Member of the Council 
of the Institution of Naval Architects, Associate Member of the 
Institution of Civil Engineers, Professor of Applied Mechanics in 
the Royal Naval College, Greenwich. Medium 8vo. i8j. 

Gumming. — an introduction to the theory of 

ELECTRICITY. By LiNNiBus Gumming, M.A., one of the 
Masters of Rugby School. With Illustrations. Crown 8vo. 
8x. Sd, 

Daniell.— A TEXT-BOOK OF THE PRINCIPLES OF 
PHYSICS. By Alfred Daniell, M.A., LL.B., D.Sc, 
F.R.S.E., late Lecturer on Physics in the School of Medicine, 
Edini)urgh. With Illustrations. Second Edition. Revised and 
Enlarged. Medium 8vo. 21J. 

Day. — ELECTRIC LIGHT ARITHMETIC. By R. E. Day, 
M.A., Evening Lectu'-er in Experimental Physics at King's 
College, London. Pott 8vo. 2j. 

Everett— UNITS AND PHYSICAL CONSTANTS. By J. D. 
Everett, F.R.S , Professor of Natural Philosophy, Queen's 
College, Belfast. Extra fcap. 8vo. 4^. td, 

[New Editioh in the press* 
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Gray— ABSOLUTE measurements in electrtcit\ 

AND magnetism. By Andrew Gray, M.A., F.R.S.E, 
Professor of Physics in the University College of North Wales. 
Pott 8va y. td. 

Grove.— A DICTIONARY OF MUSIC AND MUSICIANS. 
(a.d. 1450 — 1886). By Eminent Writers, English and Foreign. 
Edited by Sir Gkorge Grove, D.C.L., Director of the Royal 
College of Music, &c. Demy 8vo. 

Vols. I., II., and III. Price 21 j. each. 

Vol. I. A to IMPROMPTU. Vol. II. IMPROPERIA to 
PLAIN SONG. Vol. III. PLANCHE TO SUMER IS 
leUMEN IN. Demy 8vo. doth, with Illustrations in Music 
Type and Woodcut. Also published in Parts. Parts I. to XIV., 
Parts XIX. and XX., price 3J. 6d. each. Parts XV., XVI., price 7^. 
Parts XVII., XVIII.. price 7^. 

"Dr. Grove's Dictionary tnU be a boon to every intelligent lover of music" — 
Saturday Rrview. 

Huxley.— INTRODUCTORY PRIMER OF SCIENCE. By T. 
H. Huxley, F.R.S., &c. i8mo. \s. 

IbbetSOn.— THE MATHEMATICAL THEORY OF PER- 
FECTLY ELASTIC SOLIDS, with a Short Account of Viscous 
Fluids. An Elementary Treatise. By William John Ibbetson, 
B.A., F.R.A.S., Senior Scholar of Clare College, Cambridge. 8vo. 

\In the press. 

Kempe.— HOW to DRAW A straight LINE ; a Lecture 
on I,in1<a<^es. By A. B. Kempe. With Illustrations. Crown 
8vo. I J. (>d. {Nature Series. ) 

Kennedy. — the mechanics OF machinery. By A. B. 

W. Kennedy, M.ln.'^t.C.E., ProfessorofEngineerinir and Mechani- 
cal Techn loi^y in University College, London. With numerous 
Illustrations. Crown 8vo. [Shortly. 

Lang. — EXPERIMENTAL PHYSICS. By P. R. ScoTT Lang, 
M. A., Professor of Mathematics in the University of St. Andrews. 
Crown 8vo. [In preparation. 

Lupton.— NUMERICAL TABLES AND CONSTANTS IN 
ELEMENTARY SCIENCE. By Sydney Lupton, M.A., 
F.C.S., F.I.C., Assistant Master at Harrow Sch ol. Extra fca]i. 
8vo. 25. 6d. 

Macfarlane, — physical ARITHMETIC. By Alexander 
Macfarlane, D.Sc, Examiner in Mathematics in the University 
of Edinburgh. Crown 8vo. ^s. 6d. 
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Mayer. — sound : a Scries of Simple, Entertaining, and Incx^ 
pensive Experiments in the Phenomena of Sound, for the Use of 
Students of every age. By A. M. Mayer, Professor of Physics 
in the Stevens Institute of Technotogy, &c. With numerous 
Illustrations. Crown 8vo. 2s. 6d. (Nature Series.) 

Mayer and Barnard.— LIGHT: a Series of Simple, Enter- 
taining, and Inexpensive Experiments in the Phenomeim of iLight, 
for the Use of Students of every age. By A. M. Maver and C. 
Barnard. With numerous Illustrations. Crown 8vo. 2j. 6d, 
{Nature Series.) 

Newton.— PRINCIPIA. Edited by Professor Sir W. Thomson 
and Professor Blackburne. 4to, cloth. 31J. 6d. 
THE FIRST THREE SECTIONS OF NEWTON'S PRIN- 
CIPIA. With Notes and Illustrations. Also a Collection of 
Problems, principally intended as Examples of Newton's Methods. 
By Percival Frost, M.A. Third Edition. 8vo, 12s. 

Parkinson. — ^A treatise on optics. By S. Parkinson> 
D.D., F.R.S., Tutor and Praelector of St. John's College, Cam- 
bridge. Fourth Edition, revised and enlarged. Crown 8vo. lOif. 6d, 

Perry. — STEAM. AN ELEMENTARY TREATISE. By 
John Perry, C.E., Whitworth Scholar, Fellow of the Chemical 
Society, Professor of Mechanical Engineering and Applied Mech- 
anics at the Technical College, Finsbitry. With numerous Wood- 
cuts and Numerical Examples and Exercises. i8mo. 4s. 6d, 

Ramsay.— experimental proofs of chemical 

THEORY for BEGINNERS. By William Ramsay, Ph.D., 
Profe-sor of Chemistry in University College, BristoL Pott 8vo. 
2s, 6^. 

Rayleigh. — the theory of sound. By Lord Rayleigh, 
M.A., F.R.S., formerly Fellow of Trinity College, Cambridge, 
8vOr Vol. I. I2s. 6^. Vol. II. I2s. (fd. [Vol. HI. in the press, 

Reuleaux. — ^the kinematics of machinery. Out- 

lines of a Theory of Machines. By Professor F. ReuleauX, 
Translated and Edited by Professor A. B. W. KENNEDY, C.E. 
With 450 Illustrations. Medium 8vo. 2is, 

Roscoe and Schuster.^SPECTRUM ANALYSIS. Lectures 
delivered in 1868 before the Society of Apothecaries of London. 
By Sir Henry E. Roscoe, LL.D., F.R.S., Professor of Chemistry 
in the Owens College, Victoria University, Mat Chester. Fourth 
Edition, revised and considerably enlarged by the Author and by 
Arthur Schuster, F.R.S., Ph.D., Professor of Applied Mathe- 
matics in the Owens College, Victoria University. With Ap- 
pendices, numerous Illustrations, and Plates. Medmm 8vo. 21s, 



xS MACMILLAN'S EDUCATIONAL CATALOGUE. 

»■ — . — - 

Shana — an elementary treatise on heat, in 

RELATION TO STEAM AND THE STEAM-ENGINE. 

By G. Shann, M.A. With lUustrations. Crown 8vo. 4X. 6</. 
SpOttiswOOdc—POLARISATION OF LIGHT. By the late 

W. Spottiswoode, F.R.S. With many Illustrations. Newr 

Edition. Crown 8vo. js. 6ei,' {Nature Sirus.) 
Stewart (Balfour). — Works by Balfour Stewart, F.R.S., 

Professor of Natural Philosophy in the Owens College, Victoria 

University, Manchester. 
PRIMER OF PHYSICS. With numerous Illustrations. New 

Edition, with Questions. iSmo. is. (Sciente Primers.) 
LESSONS IN ELEMENTARY PHYSICS. With numerous 

Illustrations and ChromoUtho of the Spectra of the Sun, Stars, 

and Nebulae. New Edition. Fcap. 8vo. 4^. 6d, 
QUESTIONS ON BALFOUR STEWART'S ELEMENTARY 

LESSONS IN PHYSICS. By Prof. Thomas H. Core, Owens 

College, Manchester. Fcap. 8vo. 2J. 

Stewart and Gee. — elementary practical phy- 
sics, LESSONS IN. By Professor Balfour Stewart, F.R.S., 
and W. Haldane Gee. Crown 8vo. 

Part I.— GENERAL PHYSICAL PROCESSES. 6s. 

Part II.— OPTICS, HEAT, AND SOUND. [In the press. 

Part III.— ELECTRICITY AND MAGNETISM. [In preparation. 

A SCHOOL COURSE OF PRACTICAL PHYSICS. By the 
same authors. [In preparation^ 

Stokes. — ON LIGHT. Being the Burnett Lectures, delivered in 
Aberdeen in 1885 -1884. By George Gabriel Stokes, M.A., 
F.R.S., &C., Fellow of Pembroke College, and Luca^ian Professor 
of Mathematics in the University of Cambridge. First Course. 
On the Nature of Light.— Second Course. On Light as 
A Means of Investigation. Crown 8vo. 2j>. 6d. each. 

[Third Course in the press* 

Stone. — AN ELEMENTARY TREATISE ON SOUND. By 
W. H. Stone, M.D. With Illustrations. i8mo. y. 6d, 

Tait — HEAT. By P. G. Tait, M.A., Sec. R.S.E., formerly 
Fellow of Si. Peter's College, Cambridge, Professor of Natural 
Philosophy in the University of Edinburgh. Crown 8vo. 6s. 

Thompson. — elementary lessons in electricity 

AND magnetism. By Silvanus P. Thompson, Principal 
and Professor of Physics in the Technical College, Finsbury. Wiih 
Illustrations. New Edition. Fcap. 8vo. 4s. 6d. 

Thomson. — electrostatics and magnetism, re- 
prints OF PAPERS on. By Sir William Thomson, 
D.C.L., LL.D., F.R.S., F.R.S.E., Fellow of St. Peter's College, 
. Cambridge, and Professor of Natural Philosophy in the University 
,of Glasgow. Second Edition. Medium 8vo. iSs. 
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Thomson. — the MOTION OF VORTEX RINGS, A 
TREATISE ON. An Essay to which the Adams Prize was 
adjudged in i88a in the University of Cambridge. By J. J. 
Thomson, Fellow of Trinity College, Camhridg**, and Professor of 
Experimental Physics in the University. With Diagrams. 8vo. 6s, 

Todhunter.— NATURAL PHIT.OSOPHY FOR BEGINNERS. 
By I. ToDHUNTER, M.A., F.R.S., D.Sc. 
Part I. The Properties of Solid and Fluid Bodies. iSmo. 3^. 6</. 
Part II. Sound, Light, and Heat. iSlqo. 3^. 6J. 

Turner.— HEAT AND ELECTRICITY, A COLLECTION OF 
EXAMPLES ON. By H. H. Turner, B.A., Fellow of Trinity 
College, Cambridge. Crown 8vo. 2s, 6d. 

Wright (Lewis). — LIGHT ; A COURSE OF EXPERI- 
MENTAL OPTICS, CHIEFLY WITH THE LANTERN. 
By Lewis Wright. With nearly 200 Engravings and. Coloured 
Plates. Crown 8vo. ys. 6d, 

ASTRONOMY. 

Airy.— POPULAR ASTRONOMY. With Illiistrations l?y Sir 
G. B. Airy, K.C.B., formerly Astronomer- Royal. New Edition. 
l8mo. 4r.. 6d, 

Forbes. — transit of VENUS. By G. FoREES, M.A.,r 
Professor of Natural Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown 8vo. 3^. 6d. {Nature Series.) 

Godfray. — ^Works by Hugh Godfray, M.A., Mathematical 

Lecturer at Pembroke College, Cambridge. 
A TREATISE ON ASTRONOMY, for the Use of Colleges and 

Schools. New Edition. 8vo. 12s. 6d. 
AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 

with a Brief Sketch of the Problem up to the time of Newton. 

Second Edition, revised. Crown 8vo. 5j. 6ci. 

Lockyer. — Works by J. Norman Lockyer, F.R.S. 

PRIMER OF ASTRONOMY. With numerous Illustrations. 

New EHition. i8mo. is. {Science Primers.) 
ELEMENTARY LESSONS IN ASTRONOMY. With Coloured 
Diagram of the Spectra of the Sun, Stars, and Nebulae, and 
numerous Illustrations. New Edition. Fcap. Svo. tr. 6^/. 
QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS IN 
ASTRONOMY. For the Use of Schools. By John Forbes- 
Robertson. i8ino, cloth limpw is. 6(L 
NeWCOmb. — ^POPUIAR astronomy. By S. NEWCaMB, 
LL.D., Professor U.S. Naval Observatory. With 112 Illustration* 
and 5 Maps of the Stars. Second Edition, revised. 8vo. r8j. 
**It is unlike anything else of its kind, and will be of more use in circulating a 
knowledge of Astronomy than nine-tenthkof the books which have appeared on the 
subject of late vears."— Saturday Review, 

^ 2 



20 MACMILLAN'S EDUCATIONAL CATALOGUE. 

CHEMISTRY. 

Cooke.— ELEMENTS OF CHEMICAL PHYSICS. By 
JosiAH P. Cooke, Junr., Erving Professor of Chemistry and 
Mineralogy in Harvard University. Fourth Edition. Royal 
8vo. 2 1 J. 

Plcischer.— A SYSTEM OF VOLUMETRIC ANALYSIS. 
Translated, with Notes and Additions, from the Second German 
Edition, by M. M. Pattison Muir» F.R.S.E. With Illustrations. 
Crown 8vo. p, 6d, 

Jones. — Works by Francis Jones, F.R.S.E., F.C.S., Chemical 
Master in the Grammar School, Manchester. 

THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. With Preface by Sir Henry Roscoe, 
F.R.S., and Illustrations. New Edition. iSmo. zs. 6d. 

QUESTIONS ON CHEMISTRY. A Series of Problems and 
Exercises in Inorganic and Qrganic Chemistry. Fcap. 8vo. 3j. 

Landauer. — blowpipe analysis. By j. landauer. 

Authorised English Edition by J. Taylor and W. E. Kay, of 
Owens College, Manchester. Extra fcap. 8vo. 4s, 6d, 

Lupton,— ELEMENTARY CHEMICAL ARITHMETIC. With 
1,100 Problems. By Sydney Lupton, M.A., Assistant-Master 
at Harrow. Extra fcap. 8vo. 5#. 
Muir. — ^PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. 15. 6d. 
Muir and Wilson.— THE ELEMENTS OF THERMAL 
CHEMISTRY. By M. M. Pattison Muir, M.A., F.R.S.E., 
Fellow and Prselector of Chemistry in Gonville and Cains College, 
Cambridge ; Assisted by DaVid Muir Wilson. 8vo. 12s. 6d, 
Remsen. — compounds of carbon ; or, Oi^nic Chemistry, 
an Introduction to the Study of. By Ira Remsen, Professor of 
Chemistry in the Johns Hopkins University. Crown 8vo. 6s, 6d, 
Roscoe. — Works by Sir Henry E. RoscoE, F.R.S., Professor of 
Chemistry in the Victoria University the Owens College, Manchester. 
PRIMER OF CHEMISTRY. With numerous Illustrations. New 

Edition. With Questions. i8mo. IJ'. {Sciefice Primers). 
LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
and ORGANIC. With numerous Illustrations and ChromoHtho 
of the Solar Spectrum, and of the Alkalies and Alkaline Earths. 
New Edition. Fcap. 8vo. 4f. 6d. 
A SERIES OF CHEMICAL PROBLEMS, prepared with Special 
Reference to the foregoing, by T. E. Thorpe, Ph.D., Professor 
of Chemistry in the Yorkshire College of Science, LeMs, Adapted 
for the Preparation of Students for the Government, Science, and 
Society of Arts Examinations. With a Preface by Sir Henry E. 
Roscoe, F.R.S. New Edition, wi^ Key. i8mo. 2s. 
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Roscoe and Schorlemmer. — inorganic and or- 
ganic CHEMISTRY. A Complete Treatise on Inorganic and 
Organic Chemistry. By Sir Henry E. RoscoE, F.R.S., and 
Professor C. Schorlemmer, r.R.S. With numerous Illustrations. 
Medium 8vo. 

Vols. I. and II.— INORGANIC CHEMISTRY. 

Vol. I.— The Non-Metallic Elements. 2is. Vol. II. Part I.— 
Metals. iSs. Vol. II. Part II.— Metals. iSs, 

Vol. III.-ORGANIC CHEMISTRY. Two Parts. 2is. each. 
THE CHEMISTRY OF THE HYDROCARBONS and their 
Derivatives, or ORGANIC CHEMISTRY. With numerous 
Illustrations. Medium 8vo. 2is. each. 

Vol. IV.— Part I. ORGANIC CHEMISTRY, continued. 

[In ike press* 

Schorlemmer. — a manual of the chemistry of 

THE CARBON COMPOUNDS, OR ORGANIC CHE-. 
MISTRY. By C. Schorlemmer, F.R.S., Professor of Che- 
mistry in the Victoria University the Owens College, Manchester. 
With Illustrations. 8vo. 14J. 

Thorpe. — a series OF CHEMICAL PROBLEMS, prepared 
with Special Reference to Sir H. E. Roscoe's Lessons in Elemen- 
tary Chemistry, by T. E. Thorpe, Ph.D., Professor of Chemistry 
in the Yorkshire College of Science, Leeds, adapted for the Pre- 
paration of Students for the Government, Science, and Society of 
Arts Examination-!. With a Preface by Sir Henry E. Roscoe, 
F.R.S. New Edition, with Key. i8mo. 2s, 

Thorpe and Riicker. — A TREATISE ON CHEMICAL 

PHYSICS. By T. E. Thorpe, Ph.D., F.R.S. Professor of 
Chemistry in the Normal School of Science, and Professor A. W. 
Rucker. Illustrated. 8vo. [/« Preparation, 

Wright.— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c., 
Lecturer on Chemistry in St. Mary's Hospital Medical School. 
Extra fcap. 8vo. 3^. (id, 

BIOLOGY. 

Allen. — ON THE COLOUR OF FLOWERS, as Illustrated in 
the British Flora. By Grant Allen. With Illustrations 
Crown 8 vo. y,6d, {Nature Series.) 

Balfour. — A TREATISE ON COMPARATIVE EMBRY- 
OLOGY. By F. M. Balfour, M.A., F.R.S., Fellow and 
Lecturer of Trinity College, Cambridge. With Illustrations. 
Second Edition, reprinted without alteration from the First 
Edition. In 2 vols. 8vo. Vol. I. i8/. Vol. II. 21 J. 



22 MACMILLAN'S EDUCATIONAL CATALOGUE. 

Bcttany.— FIRST LESSONS IN PRACTICAL BOTANY. 
ByG. T. Bettany, M.A., F.L.S., Lecturer in Botany at Guy's 
Hospital Medical School. iSmo. is. 

Bower— Vines.— A COURSE OF PRACTICAL instruc- 
tion IN BOTANY. By F. O. Bowbr, M.A., F.L.S., 
Professor of Botany in the University of Glasgow, and Sydney 
H. Vines, M.A., D.Sc, F.R.S., Fellow and Lecturer, Christ's 
College, Cambridge. With a Preface by W. T. Thiselton 
Dyer, M.A., C.M.G., F.R.S., F.L.S., Director of the Royal 
Gardens, Kew. 

Part L— PHANEROGAMiE— PTERIDOPHYTA. Crown 8vo. 
6s, 

Darwin (Charles).— memorial NOTICES of Charles 

DARWIN, F.R.S., &c. By Thomas Henry Huxley, F.R.S., 
G. J. Romanes, F.R.S., Archibald Geikie, F.R.S., and 
W. T. Thiselton Dyer, F.R.S. Reprinted fix)m Nature, 
With a Portrait, engraved by C. H. Jeens, Crown 8vo. 
2s, 6d, (Nature Series,) 

Flower and Gadow. — an introduction to the 

OSTEOLOGY OF THE MAMMALIA. By William Henry 
Flower, LL.D., F.R.S., Director of the Natural History De- 
partments of the British Museum, late Hunterian Professor of 
Comparative Anatomy and Physiology in the Royal College of 
Surgeons of England. With numerous Illustrations. Third 
Edition. Revised with tlie assistance of Hans Gadow, Ph.D., 
M. A., Lecturer on the Advanced Morphology of Vertebrates and 
Strickland Curator in the University of Cambridge. Crown 8vo. 
los. 6d, 

Foster. — Works by Michael Foster, M.D., Sec. R.S., Professor 
of Physiology in the University of Cambridge. 

PRIMER OF PHYSIOLOGY. With numerous Illustrations. 
New Edition. i8mo. is, 

A TEXT-BOOK OF PHYSIOLOGY. With lUustrations. Fourth 
Edition, revired. 8vo. 2is, 

Foster and Balfour.— the ELEMENTS OF EMBRY- 
OLOGY. By Michael Foster, M.A., M.D., LL.D., Sec. R.S., 
Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour, 
M.A,, LL.D., F.R.S., Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphology in the University. Second 
Edition, revised. Edited by Adam Sedgwick, M.A., Fellow 
and Assistant Lecturer of Trinity College, Cambridge, and Walter 
Heape, Demonstrator in the Morphological Laboratory of the 
University of Cambridge. With Illustrations. Crown 8vo. los. 6d, 
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Poster and Langley.— a COURSE OF ELEMENTARY 

PRACTICAL PHYSIOLOGY. By Prof. Michael Foster, 
M.D., Sec. R.S., &c., and J. N. Langley, M.A., F.R.S., Fellow 
of Trinity College, Cambridge. Fifth Edition. Crown 8vo. 

Gamgee. — a text-book of the physiological 

CHEMISTRY OF THE ANIMAL BODY. Including an 
Account of the Chemical Changes occurring in Disease. By A. 
Gamgee, M.D., F.R.S., Professor of Physiology in the Victoria, 
University the Owens College, Manchester. 2 Vols. 8vo. 
With Illustrations. VoL I. iSs. [Vol. II, in the press, 

Gegenbaur.—ELEMENTS OF comparative anatomy. 

By Professor Carl Gegenbaur. A Translation by F. Jeffrey 
Bell, B.A. Revised with Preface by Professor E. Ray Lan- 
KESTER, F.R.S. With numerous Illustrations. 8vo. 2is, 

Gray.— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are added 
the principles of Taxonomy and Phytography, and a Glossary of 
Botanical Terms. By Professor Asa Gray, LL.D. 8vo. los, 6d, 

Hooker. — Works by Sir J. D. Hooker, K.C.S.I., C.B., M.D., 
F.R.S., D.C.L. 

PRIMER OF BOTANY. With numerous Illustrations. New 
Edition. i8mo. is, \Science Primers.) 

THE STUDENT'S FLORA OF THE BRITISH ISLANDS. 
Third Edition, revised. Globe 8vo. ioj. (id, 

Howes. — AN ATLAS OF PRACTICAL ELEMENTARY 
BIOLOGY. By G. B. Howes, Assistant Professor of Zoology, 
Normal School of Science and Royal School of Mines. With a 
Preface by Thomas Henry Huxley, F.R.S. Royal 4to. 141. 

Huxley. — Worlcs by Thomas Henry Huxley, F.R.S. 
INTRODUCTORY PRIMER OF SCIENCE. i8mo. I/. 

{Science Primers,) 
LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 

Illustrations. New Edition Revised. Fcap. 8vo. 41. 6^. 
QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 

By T. Alcock, M.D. i8mo. is, 6d, 

Huxley and Martin. — a COURSE OF PRACTICAL IN 

STRUCTION IN ELEMENTARY BIOLOGY. By Thomas 
Henry Huxley, F.R.S., assisted by H. N. Martin, M.B., 
D.Sc. New Edition, revised. Crown Svo. 6j. 



24 MACMILLAN'S EDUCATIONAL CATALOGUE. 

Kane.— EUROPEAN butterflies, a handbook of. 

By W. F. De Vismes Kane, M.A., M.R.I.A., Member of the 
Entomological Society of London, &c. With Copper Plate Illustra- 
tions. Crown 8vo. los, 6^/.. 
A LIST OF EUROPEAN RHOPALOCERA WITH THEIR 
VARIETIES AND PRINCIPAL SYNONYMS. Reprinted 
from the Handbook of European ButterJlUs, Crown 8vo, U. 

Lankester. — Works by Professor E. Ray Lankester, F.R.S. 
A TEXT BOOK OF ZOOLOGY. Crown 8yo. \In pr^arat'wn, 
DEGENERATION : A CHAPTER IN DARWINISM. Illus- 
trated. Crown 8vo. zs. 6d. {Nature Series,) 

* 

Lubbock. — Works by Sir John Lubbock, M.P., F.R.S., D.C.L- 
THE ORIGIN AND METAMORPHOSES OF INSECTS. 
With numerous Illustrations. New Edition. Crown 8vo. 35*. 6d. 
{Nature Series,) 
ON BRITISH WILD FLOWERS CONSIDERED IN RE- 
LATION TO INSECTS. With numerous Illustrations. New 
Edition. Crown 8vo. ^. 6</. {Nature Series), 
FLOWERS, FRUITS, AND LEAVES. With Illustrations. 
Crown 8vo. 4^. 6d, , {Naiute Series,) 

M'Kendrick. — OUTLINES OF PHYSIOLOGY IN ITS RE- 
LATIONS TO MAN. By J. G. M'Kendrick, M.D., F.R.S.E. 
With Illustrations. Crown 8vo. 12^. 6<i, 

Martin and Moale.— ON THE DISSECTION OF VERTE- 
BRATE ANIMALS. By Professor H. N. Martin and W. A. 
Moale. Crown 8vo. [In preparation. 

Mivart. — Works by St. George Mivart, F.R.S., Lecturer in 

Comparative Anatomy at St. Mary's Hospital. 
LESSONS IN ELEMENTARY ANATOMY. With upwards of 

400 Illustrations. Fcap. 8vo. 6s. 6d, 
THE COMMON FROG. With numerous Illustrations, Crown 

8vo. y. 6d^ {Nature Series.) 

MuUer.— THE FERTILISATION OF FLOWERS. By Pro- 
fessor Hermann Muller. Translated and Edited by D^Arcy 
W. Thompson, B.A., Professor of Biol<^ in University College, 
Dundee, With a Preface by Charles Darwin, F.R.S. With 
numerous Illustrations. Medium 8vo. 21s, 

Oliver. — Works by Daniel Oliver, F.R.S., &c., Professor of 
Botany in University College, Loudon, &c. 

' FIRST BOOK OF INDIAN BOTANY. With numerous Illus- 
trations. Extra fcai\ 8vo. 6s. '6d, 
LESSONS IN ELEMENTARY BOTANY. With nearly 200 
Illustrations. New Edition, Fcap. 8vo, 4J. 6it. 
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Parker.^-A COURSE OF instruction in zootomy 

(VERTEBRATA). By T. Jeffrey Parker, B.Sc. London, 
Professor of Biology in the University of Otago, New Zealand. 
With Illustrations. Crown 8vo. 8j. 6d, 

Parker and Bettany.— the morphology OF THE 

SKULL. By Professor W. K. Parker, F.R.S., and G. T. 
Bettany. Illustrated. Crown 8vo. 10s, 6d, 

Romanes. — the scientific evidences of organic 

EVOLUTION. By G. J. Romanes, M.A., LL.D., F.R.S., 
Zoological Secretary to the Linnean Society. Crown 8vo. 2j, dd* 
{Nature Series. ) 

Smith. — Works by John Smith, A.L.S., &c. 
A DICTIONARY OF ECONOMIC PLANTS. Their History, 

Products, and Uses. 8vo. 14^. 
DOMESTIC BOTANY : An Exposition of the Structure and 

Classification of Plants, and their Uses for Food, Clothing, 

Medicine, and Manufacturing Purposes. With Illustrations. New 

Issue. Crown 8vo. \2s. 6d, 

Smith (W. G.)^DISEASES OF FIELD AND GARDEN 
CROPS, CHIEFLY SUCH AS ARE CAUSED BY FUNGL 
By WoRTHiNGTON G. SMITH, F.L.S., M.A.I., Member of the 
Scientific Committee R.H.S. With 143 New ^lustrations drawn 
and engraved from Nature by the' Author. Fcap. 8vo. 4J. 6d, 

Wiedersheim (Prof.). — MANUAL OF COMPARATIVE 

ANATOMY. Translated and Edited by Prof. W. N. Parker. 
With Illustrations. 8vo. [/« the press, 

MEDICINE. 

Brunton. — Worlcs by T. Lauder Brunton, M.D., D.Sc, 
F*R.C.P., F.R.S., Assistant Physician and Lecturer on Materia 
Me'dica at St. Bartholomew's Hospital ; Examiner in Materia 
Medica in the Univen-ity of London, in the Victoria University, 
and in the Royal College of Physicians, London ; late Examiner 
in the University of Edinburgh. 

A TEXT-BOOK OF PHARMACOLOGY; THERAPEUTICS, 
AND MATERIA MEDICA. Adapted to the United States 
Pharmacopoeia, by Francis H. Williams, M.D., Boston, 
Mass. Second Edition. Adapted to the New British Pharmaco- 
poeia, 1885. Medium 8vo. 21s. 
TABLES OF MATERIA MEDICA: A Companion to the 
Materia Medica Museum. With Illustrations. New Edition 
Enlarged. Svo. lOf . 6d, 

Hamilton. — ^a text-book of pathology. By D. J. 

Hamilton, Professor of Pathological Anatomy (Sir Erasmus 
Wilson Chair), University of Aberdeen. 8vo, [In preparation. 
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Klein.-— MICRO-ORGANISMS AND DISEASE. An Intro- 
duction into the Study of Specific Micro- Organisms. By E. 
Klein, M.D., F.R.S., Lecturer on General Anatomy and Physio- 
logy in the Medical School of St. Bartholomew's Hospital, London. 
With 121 Illustrations. Third Edition, Revised. Crown 8vo 6s. 

Ziegler-Macalisten— TEXT-BOOK OF PATHOLOGICAL 

ANATOMY AND PATHOGENESIS. By Professor Ernst 
ZiEGLSR of Tubingen. Translated and Edited for English 
Students by Donald Macalistkr, M. A., M.D., B.Sc, M.R.C.P., 
Fellow and Medical Lecturer of St. John's College, Cambridge, 
Physician to Addenbrooke's Hospital, and Teacher of Medicine in 
the University. With numerous Illustrations. Medium 8vo. 

Part I.— GENERAL PATHOLOGICAL ANATOMY. I2f. 6d. 

Part II.— SPECIAL PATHOLOGICAL ANATOMY. Sections 
L— VIII. I2X. 6rf. Sections IX. -XVIL in the press. 

ANTHROPOLOGY. 

Flower. — fashion in deformity, as Illustrated in the 
Customs of Barbarous and Civilised Races. By Professor 
Flower, FA.S., F.R.CS. With Illustrations. Crown 8vo. 
2J. 6d. {Nature Series,) 

Tylor. — ANTHROPOLOGY. An Introduction to the Study of 
Man and Civilisation. ByE. B. Tylor, D.C.L., F.R.S. With 
numerous Illustrations. Crown 8vo. 7x. 6d, 

PHYSICAL GEOGRAPHY & GEOLOGY. 

Blanford.— THE RUDIMENTS OF PHYSICAL GEOGRA- 
PHY FOR THE USE OF INDIAN SCHOOLS ; with a 
Glossary of Technical Terms employed. By H. F. Blanford, 
F.R.S. New Edition, with Illustrations. Globe 8vo. zr. 6iL 

Geikie. — Works by Archibald Geikie, LL.D., F.R.S., Director- 
General of tile Geological Survey of Great Briton and Ireland, and 
Director of the Museum of Practical Geolo.^y, London, formerly 
Murchison Professor x>f Geology and Mineralogy in the University 
of Edinburgh, &c. 

PRIMER OF PHYSICAL GEOGRAPHY. With numerous 
Illustrations. New Edition. With Questions. iSmo. is, 
{Science Primers.) 

ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 
With numerous Illustrations. New Edition. Fcap. 8vo. 41, 6d, 
QUESTIONS ON THE SAME. is. 6d. 
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Geikie. — ^Works by Archibald Geikie, LL.D., &c. {continued) — 

PRIMER OF GEOLOGY. With numerous Illustrations. New 
Edition. i8mo. u. {Science Primers,) 

CLASS BOOK OF GEOLOGY. With upwards of 200 New 
Illustrations. Crown 8vo. los. 6d, 

TEXT-BOOK OF GEOLOGY. With numerous Illustrations. 
Second Edition, Fifth Thousand, Revised and Enlarged. 8vo. 28j. 

OUTLINES OF FIELD GEOLOGY. With lUustrations. New 
Edition. Extra fcap. 8vo. 3^. 6d. 

Huxley. — physiography. An Introduction to the Study 
of Nature. By Thomas Henry Huxley F.R.S. With 
numerous Illustrations, and Coloured Plates. New and Cheaper 
Edition. Crown 8vo. dj. 

Phillips.— A TREATISE ON ORE DEPOSITS. By J. Arthur 
Phillips, F.R.S., V.P.G.S., F.C.S., M.Inst.C.E., Ancien El^ve 
del'fecoledes Mines, Paris; Author of "A Manual of MetJ^llurgy," 
«*The Mining and Metallurgy of Gold and Silver," &c. With 
numerous Illustrations. 8vo. 25^. 

AGRICULTURE. 

Franfeland.— AGRICULTURAL chemical analysis, 

A Handbook of. By PERCY Faraday Frankland, Ph.D., 
B.Sc, F.C.S., Associate of the Royal School of Mines, and 
Demonstrator of Practical and Agricultural Chemistry in the 
Normal School of Science and Royal School of Mines, South 
Kensington Museum. Founded upon Leitfadenfiir die Agriculture . 
Chemiche Analyse^ von Dr. F. Krocker. Crown 8vo. 7^. 6^. 

Smith (Worthington G.).— DISEASES OF FIELD AND 

GARDEN CROPS, CHIEFLY SUCH AS ARE CAUSED BY 
FUNGI. By Worthington G. Smith, F.L.S., M.A.I., 
Member of the Scientific Committee of the R.H.S. With 143 
Illustrations, drawn and engraved from Nature by the Author. 
Fcap. 8vo. 4J. 6</. 

Tanner. — Works by Henry Tanner, F.C.S., M.R.A.C., 
Examiner in the Principles of Agriculture under the Government 
Department of Science ; Director of Education in the Institute of 
Agriculture, South Kensington, London ; sometime Professor of 
Agricultural Science, University College, Aberystwith. 
ELEMENTARY LESSONS IN THE SCIENCE OF AGRI- 
CULTURAL PRACTICE. Fcap. 8vo. y. 6^. 
FIRST PRINCIPLES OF AGRICULTURE. i8mo. w. 
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Tanner. — Works by Henry Tanner, F.C.S., &c. (cifnttnu&f)'^ 
THE PRINCIPLES OF AGRICULTURE. A Series of Reading 
Booics for use in Elementary Schools. Prepared by Henry 
Tanner, F.C.S., M.R.A.C. Extra fcap. 8va. 

I. The Alphabet of the Principles of Agriculture. 6</. 
II. Further Steps in the Principles of Aginculture. U. 
IIL Elementary School Readings on the Principles of Agriculture 
for the third stage, is, 

POLITICAL ECONOMY. 

CoSSa.— GUIDE TO THE STUDY OF POLITICAL 
ECONOMY. By Dr. LuiGi CossA, Professor in the University 
of Pavia. Translated from the Second Italian Edition. With a 
Preface by W. Stanley Jevons, F.R.S. Crovm Svo. 45-. 6d. 
Fawcett (Mrs.).— Works by MiLLicENT Garrett Fawcett:— 
POLITICAL ECONOMY FOR BEGINNERS, WITH QUES- 
TIONS. Fourth Edition. i8mo. 2s, 6d. 
TALES IN POLITICAL ECONOMY. Crown Svo. 31. 

Fawcett.— A manual of political ECONOMY. By 
Right Hon. Henry Fawcett, F.R.S. Sixth Edition, revised, 
with a chapter on "S^ate Socialism and the Nationalisation 
of the Land," and an Index. Crown Svo. I2J. 

Jevons.— PRIMER OF POLITICAL ECONOMY. By W. 
. Stanley Jevons, LL.D., M. A., F.R.S. New Edition. iSmo. 
I J. {Science Primers.) 

Marshall. — THE economics OF industry. By A. 

Marshall, M.A., Professor of Political Economy in the Uni- 
versity of Cambridge, and Mary P. Marshall, late Lecturer at 
Newnham Hall, Cambridge. Extra fcap. Svo. 2s. 6d. 
Sidgwick.— THE PRINCIPLES of POLITICAL ECONOMY. 
By Professor HenrY Sidgwick, M.A., LL.D., Knightbridge 
Professor of Moral Philosophy in the University of Cambridge, 
&c.. Author of **The Methods of Ethics." Svo. 16/. 
Walker. — Works by Francis A. Walker, M.A., Ph.D., Author 
of ** Money," "Money in its Relation to Trade," &c. 

POLITICAL ECONOMY. Svo. los, 6d. 

A BRIEF TEXT-BOOK OF POLITICAL ECONOMY. Crown 
Svo. 6^. 6d. 

THE WAGES QUESTION. Svo. 14J. 

MENTAL & MORAL PHILOSOPHY. 

Calderwood,— HANDPOOK OF MORAL PHILOSOPHY. 
By the Rev. Henry Calderwood, LL.D., Professor of Mora! 
Philosophy, University of Edinburgh. New Edition. Crown 8vo. 6j, 
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Clifford. — SEEING AND THINKING. By the late Professor 
W. K. Clifvord, F.R.S. With Dia^ams. Crown 8vo. JJ. 6</. 
{Nature Series,) 

Jardine.— THE elements of the- psychology of 

COGNITION. By the Rev. Robert Jardine, B.D., D.Sc. 
(Edin.), Ex-Principal of the General Assembly's College, Calcutta. 
Second Edition, revised and improved. Crown 8vo. 6j. dd, 

Jevons. — Works by the late W. Stanley Jevons, LL.D., M.A., 

F.R.S. 
PRIMER OF LOGIC. New Edition. i8mo. \s. {Science Primers,) 
ELEMENTARY LESSONS IN LOGIC ; Deductive and Indue- 

tive, with copious Questions and Examples, and a Vocabulary of 

Logical Terms. New Edition. Fcap. 8vo. 3^. 6cl. 
THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 

Scientific Method. New and Revised Edition. Crown 8vo. 

I2J. 6d, 

STUDIES IN DEDUCTIVE LOGIC. Second Edition. Crown 
8>vo. 6s, 
Keynes. — formal logic, studies and Exercises in. Including 
a Generalisation of Logical Processes in their application to 
Complex Inferences. By John Neville Ki^^Ynes, M.A., late 
Fellow of Pembroke College, Cambridge. Crown 8vo. lOf. 6d. 

"Rdiy. — A TEXT-BOOK OF DEDUCTIVE LOGIC FOR THE 
USE OF STUDENTS. By P. K. Ray, D.Sc. (Lon. and Edin.), 
Profe sor of Logic and Philosophy, Dacca College. Second 
Edition. Globe 8vo. 49. 6d, 

Sidgwick. — THE METHODS OF ETHICS. . By Professor 
Henry Sidgwick, M. A., LL.D. Cambridge, &c. Third Edition. 
8vo. 14J. A Supplement to the Second Edition, containing all 
the important Addkions and Alterations in the Third Edition. 
Demy 8vo. 6^. 
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Arnold (T.). — the second PUNIC war. Being Chapters 
from THE HISTORY OF ROME. By Thomas Arnold, 
D.D. Edited, with Notes, by W. T. Arnold, M.A With 8 
Maps. Crown 8vo. %s. 6d. 

Arnold (W. T.).— the ROMAN SYSTEM OF PROVINCIAL 

ADMINISTRATION TO THE ACCESSION of CONST AN- 

TINE THE GREAT. By W.T. Arnold, M.A. Crown 8vo. 6j. 

•'Ought to prove a valuable handbook to the student of Komaa history.**— 

GtTARDIAN. 

Beesly.— STORIES from the history of rome. 

By Mrs. Beesly. Fcap. 8vo. 2r. 6</« 
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Brook.— FRENCH HISTORY FOR ENGLISH CHILDREN. 
By Sarah Brook. With Coloured Maps. Crown 8vo. 6s. 

Bryce. — the holy ROMAN empire. By James Bryce, 
p. C.L., Fellow of Oriel College, and Regius Professor of Civil Law 
in the University of Oxford. Seventh Edition. Crown 8vo. "js. SJ. 

Buckley.— A history of England for beginners. 

By Arabella Buckley. Globe 8vo. [/h preparation. 

Clarke.— CLASS-BOOK OF GEOGRAPHY. By C B. Clarke, 
M.A., F.L.S., F.G.S., F.R.S. New Edition, with Eighteen 
Coloured Maps. Fcap. 8vo. 31. 

Dicey.— LECTURES INTRODUCTORY TO THE STUDY 
OF THE LAW OF THE CONSTITUTION. By A. V. Dicey, 
B.C.L., of the Inner Temple, Barrister-at-Law ; Vinerian Professor 
of £ngUsh Law ; Fellow of All Souls College, Oxford; Hon. LL.D. 
Glasgow. Demy 8vo. 12s. 6d, 

Dickens's dictionary of the university of 

OXFORD, 1885-6. i8mo, sewed, u. 

Dickens's DICTIONARY OF THE UNIVERSITY OF 

CAMBRIDGE. 1885-6. i8mo, sewed, is. 

Both books (Oxford and Cambridge) bound together in one volume. 

Cloth. 2J. 6d. 
Freeman. — old ENGLISH history. By Edward A. 

Freeman, D.C.L., LL.D., Regius Professor of Modem History 

in the University of Oxford, &c. With Five Coloured Maps. 

New Edition. Extra fcap. 8vo. 6s, 
A SCHOOL HISTORY OF ROME. By the same Author. Crown 

8vo. {In preparation, 

METHODS OF HISTORICAL STUDY. A Course of Lectures. 

By the Same Author. 8vo. \In the press. 

Green* — Works by John Richard Green, M.A., LL.D., 

late Honorary Fellow of Jesus College, Oxford* 

SHORT HISTORY OF THE ENGLISH PEOPLE. With 

Coloured Maps* Genealogical Tables, and Chronological Annals. 

Crown 8vo. %s,6d, 114th Thousand. 

** Stands alone as the one general history of the country, for the sake of which 

all others, if young and old are wise, will be speedily and surely set aside.**— 

Bur A.]D&JkCY 

ANALYSIS OF ENGLISH HISTORY, based on Green's " Short 
History of the English People." By C. W. A. Tait, M.A., 
Assistant-Master, Clifton College. Crown 8vo. 3^. 6d. 

READINGS FROM ENGLISH HISTORY. Selected and 
Edited by John Richard Green. Three Parts. Globe 8vo. 
I J. 6d, each. I. Hengist to Cressy. 11. Cressy to Cromwell. 
III. Cromwell to Balaklava. 

Green. — a short geography of the British 

ISLANDS. By John Richard Green and Alice Stopford 
Green. With Maps. Fcap. 8vo. y, 6d. 



HISTORY AND GEOGRAPHY. 31 

Grove. — a primer of geography. By Sir Georgk 
Grove, D.C.L. With Illustrations. i8nio, is. {Scunce 
Primers.) 

Guest.— lectures on the history of England. 

By M. J. Guest. With Maps. Crown 8vo. 6s. 

Historical Course for Schools — ^Edited by Edward a. 

Freeman, D.C.L. , LL.D., late Fellow of Trinity College, Oxford, 

Regius Professor of Modern History in the University of Oxford. 
L— GENERAL SKETCH OF EUROPEAN HISTORY. By 

Edward A. Freeman, D.C.L. New Edition, revised and 

enlarged, with Chronological Table, Maps, and Index. iSmo. 3J. 6ti. 
II.— HISTORY OF ENGLAND. By Edith Thompson. New 

Ed., revised and enlarged, with Coloured Maps. iShk). 2s. 6d. 
IIL— HISTORY OF SCOTLAND. By Margaret Macarthur. 

New Edition. i8mo. 2J. . 
IV.-HISTORY OF ITALY. By the Rev. W. Hunt, M.A. 

New Edition, with Coloured Maps. i8mo. 3J. 6d, 
v.— HISTORY OF GERMANY. By J. Sime, M.A. New 

Edition Revied. i8mo. jr. 
'VI.--HISTORY OF AMERICA. By John A. Doyle. With 

Maps. iSmo. 4f. 6d. 
VII.— EUllOPEAN COLONIES. By E. J. Payne, M.A. With 

Maps. iSmo. 4r. 6d. 
VHL— FRANCE. By Charlotte M. Yonge. With Maps. 

i8mo. 3 J, 6ti. 
GREECE, ^y Edward A. Freeman, D.C.L. [In preparation. 
ROME. By Edward A. Freeman, D.C.L. \ln preparation. 

History Primers — Edited by John Richard Green, M.A., 

LL.D., Author of "A Short History of the EngHsh People." 

ROME. By the Rev. M. Creighton, M.A., Dixie Professor of 

. Ecclesiastical History in the University of Cambridge. With 
Eleven Maps. i8mo. i^. 

GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor of 
University College, Oxford. With Five Maps. i8mo. is, 

EUROPEAN HISTORY. By i; A. Freeman, D.C.L., LL.D. 
With Maps. i3mo. ix. 

GREEK ANTIQUITIES. By the Rev. J. P. Mahaffy, M.A. 
Illustrated. i8mo. is. 

CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A. i8mo. is. 

GEOGRAPHY. By Sir G. Grove, D.C.L. Maps. i8mo. u. 

ROMAN ANTIQUITIES. By Professor Wilkins. Illus- 
trated. i8mo. is. 

FRANCE. By Charlotte M. Yonge. i8mo. is. 

Jiole.— A GENEALOGICAL STEMMA OF THE KINGS OK 
ENGLAND AND FRANCE. By the Rev. C. Uule. On 
Sheet. IJ, 
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Jennings.— CHRONOLOGICAL TABLES. Compfled by Rer. 
A. C. Jennings. \Inthi press. 

Kiepert— A manual of ancient geography. From 
tlic German of Dr. H. Kiepert. Crown 8vo. Sx. 

Labberton.--AN HISTORICAL ATLAS. Comprising 141 

P^ i^i ^^'^ ** added, besides an Explanatory Text on the 

penod dehneated in each Map, a carefuUy selected Bibliography 

of the Ei^hsh Books and Magazine Articles bearing on that 

T uu •:« ^ ^' ^- Labberton, Utt HuhlD. 410. I2x. 6cL 

I-ethbndge a SHORT MANUAL OF THE HISTORY OF 

INDIA. With an Acconnt of India as it is. The SoiJ, 
Chmate, and Productions ; the People, their Races, Religions, 
Public Works, and Industries ; the Civil Services, and System of 
Admmistration. By Sir Roper Lethbridge. M.A„ CLE., lale 
Scholar of Exeter College, Oxford, formerly Principal of Kish laghur 
College, Bengal, Fellow and sometime Examiner of the Calcutta 
University. With Maps. Crown 8vo. 5j. 

Michelet.— A SUMMARY OF MODERN HISTORY. Trans- 
lated from the French of M. Michelet, and continued to the 
Present Time, by M. C. M. Simpson. Globe 8vo. 4^. td. 

Ott^.— SCANDINAVIAN HISTORY. By E. C. Orrfi. With 
Maps. Globe 8vo. 6j. 

Ramsay. — a school history of rome. By g. g. 

Ramsay, M.A., Professor of Humanity in the University of 
Glasgow. With Maps. Crown 8yo. \In preparation, 

Tait. — analysis of English history, based on Green's 
"Short History of the English People." By C. W. A. TaiT, 
M.A., Assistant-Master, Clifton College. Crown 8vo. 3^. 6^. 

Wheeler ^A SHORT HISTORY OF INDIA AND OF THE 

frontier STATES OF AFGHANISTAN, NEPAUL, 
AND BURMA. By J. Talboys Wheeler. With Maps. 
Crown 8vo. I2j. 

Yonge (Charlotte M.). — CAMEOS FROM English 

HISTORY. By Charlotte M. Yonge, Author of •« The Heir 
of Redclyffe," Extra fcap. 8vo. I^ew Edition. 5^. each. (1) 
FROM ROLLO TO EDWARD II. (2) THE WARS IN 
FRANCE. (3) THE WARS OF THE ROSES, REFORMA- 
TION TIMES. (4) ENGLAND AND SPAIN. 
EUROPEAN HISTORY. Narrated in a Series of Historical 
Selections from the best Authorities. Edited and Arranged by 
E. M. Sewell and C. M. Yonge. First Series, 1003 — 1154. 
New Edition. Crown 8vo. dr. Second Series, loSS — 1228, 
New Edition. Crown 8vo. 6x, 
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